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SCATTERING RESONANCES FOR HIGHLY OSCILLATORY 

POTENTIALS. 

ALEXIS DROUOT 


Abstract 

We study resonances of compactly supported potentials V^{x) = W{x,x/e) where 
W : X W^/{2t:'LY —t C, d odd. That means that I 4 is a sum of a slowly varying 

potential, Wq, and one oscillating at frequency 1/e:. When Wq = 0 we prove that there 
are no resonances above the line ImA = — Aln(e:“^), except a simple resonance near 
0 when d = 1. We show that this result is optimal by constructing a one-dimensional 
example. This settles a conjecture of Duchene-Vukicevic-Weinstein [DVW14]. In the 
case when Wq Y 0 W smooth we prove that resonances in hxed strips admit 
an expansion in powers of e. The argument provides a method for computing the 
coefficients of the expansion. We produce an effective potential converging uniformly 
to Wq as e —)■ 0 and whose resonances approach resonances of I 4 modulo 0{eY- This 
improves the one-dimensional result of Duchene, Vukicevic and Weinstein and extends 
it to all odd dimensions. 


1. Introduction 

In this paper we are interested in the poles of the meromorphic continuation of 
{—A + Y — where d is odd and Y : —)■ C is a bounded compactly supported 

potential. These poles called scattering resonances appear in many physical situations, 
for instance their imaginary parts are the rates of decay of waves scattered by Y. 

Let —A > 0 be the free Laplacian on M'^. The operator Rq{\) = (—A — A^)“^, well 
dehned as an operator for ImA > 0, extends to a meromorphic 

family of bounded operators -^ioc(^'^) for A G C (see §1.5 for review of 

notation). This family admits one simple pole at 0 if d = 1 and is entire if d > 3. If Y is 
a bounded compactly supported function on then Ry{\) = (—A + Y — A^)“^ is well 
dehned for ImA S> 1 as an operator It extends to a meromorphic 

family of operators ^ ^^e [DyZwl5]. 

Let W be a hounded complex valued function with support in B'^(0, L) x T'^. We 
dehne I 4 as 

Yix) = W (t, . 


1 


2 


ALEXIS DROUOT 


If W is formally given by 

W(x,y) = '^W,(x)e^^^ 

kGZ‘‘ 

we can write 14 as a highly oscillatory perturbation of Wq: 

14 (x) = W^o(x) + V^{x) = (1.1) 

In this paper we study resonances of potentials 14 given by (1.1). 


1.1. Main results. The first theorem concerns the case of a vanishing slowly varying 
part. In the notations of (1.1) we will assume for this result that W G L“(B‘^(0, L) xT'^) 
(i.e., supp(iy) is a compact subset of B‘^(0, L) x T'^ and W is uniformly bounded) and 
that moreover, 


3s e (0,1), 


E 


\Wk\Hs 

\k\^ 


< oo if d 


E 


\k\ 


< oo if d > 3. 


1 , 


( 1 . 2 ) 


Theorem 1. Let W be in L“(B'^(0,L) x C) such that Wq = 0 and (1.2) holds. 
Then there exists C, c, A three positive constants such that 

if d = 1, Res(14) \ D (O, c{AgC: ImA<C — 41n(e“^)} ; 
z/d > 3, Res(14) c{AgC: ImA<C — 241n(e“^)} . 


This settles a conjecture of [DVW14]: for odd dimensions d > 3 and e small enough 
the potential 14 does not have a bound state. In §2.3 we construct a step-like function 
W such that 14/(2n) has a resonance A^ ~ —zln(?7,) as n —)■ -|-oo. This shows that one 
cannot improve the rate of escape of resonances given by Theorem 1 in dimension 1. 

In the next statements we always assume that W is smooth. We consider the case 
ITo 7 ^ 0. If Ao is a simple resonance of Wq we can write 

-RiVo(A) = T- 7 —h H{X), H{X) holomorphic near Aq, (1.3) 

A — Ao 

for some functions u,v E called resonant states. As the potential 14 given 

by (1.1) converges weakly to ITo it is natural to expect that resonances of 14 converge 
to resonances of Wq. In fact a much stronger statement holds: 

Theorem 2. Let W belong to C'“(B'^(0,L) x T'^jC) and 14 be given by (1.1). Let 
Ao be a simple resonance ofWo. In a neighborhood of Xq and for e small enough the 
potential 14 admits a unique resonance A^. Moreover, for any N, 

Ag = Ao -|- C2£:^ -|- -X ... -f- C]sf-i£^ ^ Cj G C. 
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Ifu,v are the resonant states of (1.3) then 


C2 


Ao{x)u{x)v{x)dx, C3 


Ai{x)u{x)v{x)dx, 


^ \k\^ ’ 

I I 


Ai = 



W.kiik ■ D)Wk) 
\k\^ 


(1.4) 


If W is real-valued then so are Aq and Ai. In §3.1 we will prove a version of Theorem 
2 for resonances of higher multiplicity. Theorem 2 implies that perturbations of Wq by a 
high frequency potential Vj enjoy some similarities with suitable analytic perturbations 
of Wq. In fact we have the following 

Theorem 3. Assume that W belongs to C“(B'^(0,L) x C) and that I 4 is given by 
(1.1). LetVes,£ = Wq — s^Aq — s^Ai where Aq, Ai are given in (1.4). For every bounded 
family e ^ of simple resonances of there exists a family of resonances e 1 —)■ Ag 
of 14 such that 

|Ag - pLe\ = 0{e'^). 

Conversely for every bounded family e ^ of simple resonances of I 4 there exists a 
family of resonances e of Ves^e such that 

|Ag -pg| = Oie^^). 


The potential Ves,e plays the role of an effective potential. In dimension one Aq was 
already derived in [DVW14]. 

We next give a uniform description of the behavior of resonances of I 4 as £ —)■ 0. 
For IFo G C'“(B'^(0, L), C) we dehne mwoiXQ) the multiplicity of a resonance Aq of IFo- 
If e, B, c, A are given positive constants let ^ and ^g be the sets 

K= U D(A,c£2/™'^oA)) , IJ D (^A, (A)-'^-^) 

AeRes(no), AeRes(Wo), (-\ k:'\ 

ImA>-B ImA<-B 

^g = {A e C : ImA < -S, |A|2'^+^ > Aln(£-1)} . 

Theorem 4. Assume that W belongs to L) x T'^, C) and that I 4 is given by 

(1.1). There exists A > 0 with the following. For any B > 0, there exists c > 0 such 
that for all e small enough if^e, and ^g are given by (1.5) then 

Res(K) C K U ^g U ^g. 


Therefore assume that £ h-)■ Ag is a family of resonance of 14- Then after passing to 
a subsequence Sj —)• 0, one of the three following scenarios occurs: 

(i) Ag converges to a resonance Aq of ITo and Ag = Aq -l- 
(a) ImAg —)■ —00 and |Ag| grows at least like ln(£“^)^A2rf+i)_ 

(Hi) ImAg —)■ —00 and d(Ag, Res(lFo)) = 0(|Ag|“'^“^). 
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Figure 1. The red (resp. black, blue) crosses denote resonances of 
Wo (resp. Vsi Ve?t,e)- Above the line ImA = 5 resonances of Ves,e and 
Vs lie within red disks of radius ~ centered at resonances of IFo- 
Resonances of Feff.e and 14 ia these disks lie within a distance ~ from 
each other. In the middle zone resonances of 14 lie within disks of radius 
~ 1 centered at resonances of IFo- Below both curves ImA = —B and 
|A| = — A resonances of 14, and Wq are no longer 

correlated. 

(Here we suppressed the subsequence notation.) 

For the case of a potential IFo with simple resonances these results are illustrated 
on Figure 1.1 below. 


Theorems 2, 3 and 4 are actually consequences of a stronger result. For y G 
L“(B‘^(0, L), C) and p G C'“(]R'^) that is 1 on supp(lF) we define Ky{X) = pRo{X)y. 
If p > d + 1 and T is the entire function defined by 

T( 2 ;) = {l + z) exp (^-z + y - ... + ^ ^ ^ - 1 (1.6) 

the operator ^{Ky{X)) is trace class. This allows us to define the Fredholm determi¬ 
nant 


Dr{X) = Det (Id + ^{Kf{X))). 


(1.7) 
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Apart from the special case of 0 in dimension one resonances of 'Y are exactly zeros 
of Di/ - see [GLMZ05, Theorem 5.4], To deal with the particular case of the zero 
resonance in dimension one we dehne = C if d > 3 and Xi = C \ {0}. The 
following result shows that Dy admits an expansion in powers of £. 

Theorem 5. Let W in G“(B'^(0,L) x C) and be the potential given by (1.1). 
Fix > 0 andp = 4:{d + N)N . If Dy^{\) is the Fredholm determinant defined in (1.7) 
then there exists Oq, ...,aAr_i holomorphic functions of X E such that uniformly on 
compact subsets of Xd, 

DyfiX) = cio('^) + s‘^a 2 {X) + e^afiX) + ... + ^a]y-i{X) + 0{e^). 

Moreover if Aq and Ai are the potentials defined in Theorem 2 then ao(A) = DwfiX), 
a2{X) = -DwfiX) - Ti {{U + Kw,)-\-Kw,r-^K^,) , 
a 3 (A) = -DwfiX) ■ Tr ((Id + Kw,)-\-Kw,Y-‘^K^,) . 

Here again we note that a perturbation of a potential Wq by a highly oscillatory 
potential enjoys similarities with a suitable analytic perturbation of ITo- AVe will make 
this observation more precise in §3.2 below. 

1.2. Relation with existing work. Our original motivation for investigating highly 
oscillatory potentials came from Christiansen [Ch06] where it was shown that certain 
complex-valued oscillatory potentials have no resonances at all. The proof there is 
based on a priori estimates on solutions of (Id -|- Ky(X))u = 0. Although real valued 
potentials have inhnitely many resonances - see [SaZw96], [SmZwl4] and references 
given there - similar ideas lead to absence of resonance in strips depending logarith¬ 
mically on the frequency of oscillations (Theorem 1). 

In dimension one scattering resonances of potentials of the form (1.1) have recently 
been extensively studied. For W with IFo = 0 and 14 given by (1.1) Borisov and 
Gadyl’shin investigate in [BoGa06] the behavior of eigenvalues of the Schrodinger op¬ 
erator D'^ -|- 14 . They give a sufficient condition for an eigenvalue to exist for small 
£. Under this condition they derive an expansion of the eigenvalue as e —)■ 0. In 
[Bo07] Borisov rehnes this result by including potentials that are less regular. These 
two papers focus on the spectrum and on the eigenvalues rather than on scattering 
resonances. Scattering theory for operators of the form D'^ -|- I 4 was systematically 
presented by Duchene-Weinstein [DuWell]. In that paper the authors study the be¬ 
havior of the transmission coefficient of such potentials. They prove that away from 
possible poles, the transmission coefficient of I 4 converges to that of IFo- They give 
estimates on the remainder that depend on the regularity of W. The study is later 
continued in [DVW14]. In that paper Duchene, Vukicevic and Weinstein generalize 
the result of [BoGa06] to geneal potentials I 4 given by (1.1). They give conditions for 
the existence of a bound state of I 4 for small £ whose energy is expressed in terms of 
an effective potential which is an analytic perturbation of Wq. 

Also in dimension one, [B 0 O 6 ] studies in detail the spectrum of Schrodinger operators 
with a potential that is the sum of a compactly supported potential and a periodic 
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potential oscillating at frequency ~ The paper [DVW15] deals with potentials 
that are a sum of a periodic potential Qper perturbed by a term oscillating at 
frequency As £ —)• 0 they observe the bifurcation of eigenvalues of + Qav + Qe 
at distance from the edges of the continuous spectrum of + Qav 

In higher dimension the work [GoWeOS] deals with general perturbations of operators 
—A + Wq. The perturbation VJ needs to be small when measured in a suitable space. 
They show that simple resonances of perturbed operators depend analytically on Vj. 
Although such a result applies to potentials given by (1.1) it does not yield an expansion 
of resonances in powers of £ because VJ does not depend smoothly on e. 

Let us discuss in more detail the relation between our work specialized to dimension 
one and [DVW14]. By hne analysis of the scattering coefficients they show that the 
transmission coefficient of 14 is equal to the transmission coefficient of the effective 
potential 

14ff(x) = Wo{x) - e‘^Ao{x), Ao{x) = ^ 

k^O ' ' 

modulo an error of order e:^. This remarkable result provided further motivation for 
our investigation. One of the main consequences is [DVW14, Corollary 3.7]: in the 
case d = 1, Wq = 0 and for e small enough a ground state emerges from the edge of 
the continuous spectrum of 77^, with energy given by 

Xs =-^ Ao{x)dx'^ +0{e^). (1.8) 

Theorem 2 refines (1.8). Since the functions u,v of (1.3) are given hj u = v = 1 / a /2 
the energy of the bound state admits the expansion 

Xs =——f f Ao{x)dx'\ —— f Ao{x)dx f Ai{x)dx + 0{e^), 

4 \Jr J ^ Jr Jr 

and in fact is even a smooth function of e. In §1.3 we compare numerically the 
efficiency of the effective potential 14 fr,£ derived here compared to the efficiency of the 
effective potential derived in [DVW14]. 


1.3. Numerical results. Let W be the smooth function on M X defined by 


W{x, y) = exp 



l[_i,i](a;) (1 + 2 cos(a;/2 + y)). 


Let 14 be given by (1.1) and Ao,Ai the potentials defined in Theorem 2. Thanks 
to a Matlab simulation whose code was transferred to us by Duchene, Vukicevic and 
Weinstein we computed numerically the transmission coefficients te of I 4 , tl of ^ = 
Wq — s^Aq (the effective potential as derived in [DVW14]) and of 1/^^^ = Wq — s^Aq — 
e^Ai (the improved effective potential derived here). In Figure 2 we plotted the graphs 
of \t^ — Pj\ for different values of e and j = 1, 2. For e: > 0.1 neither the approximation 
of te by tl nor give satisfying results. For e G [0.01, 0.1] it is much better but we still 
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Oscillatory potential for e = 0.4 



X 

Oscillatory potential for e = 0.04 



X 

Oscillatory potential for e = 0.004 



X 


Error for e = 0.4 





Figure 2. Oscillatory potential and errors in approximating the trans¬ 
mission coefficient of 14 by the transmission coefficient of Vgge for dif¬ 
ferent values of £ and j = 1,2. 


cannot see the improvements induced by chosing l/g^ instead of Idge- For e: < 0.01 
the approximation of by tl instead of t\ gives better results. 

1.4. Plan of the paper. We organize the paper as follows. In §2 we focus on the case 
Wq = 0 and we prove Theorem 1. The proof relies mainly on an application of the 
Lippman-Schwinger principle combined with integration by parts. In §2.3 we construct 
a step-like potential 14 whose resonances are zeros of a 2 x 2 explicit determinant. 
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Uniform estimates on this determinant and arguments from complex analysis show 
that 14 admits a resonance Ag ~ iln(e:). 

In §3 we apply Theorem 5 to prove that resonances of potentials of the form (1.1) 
admit an expansion in powers of £. We compute the first terms in the expansion using 
a trace estimate. Then we show that resonances of 14 are comparable to the one of 
the effective potential 14fr,£ by comparing two Fredholm determinants. We then prove 
Theorem 4 using complex analysis arguments. 

The section 4 consists in the proof of Theorem 5. It is by far the hardest part of the 
paper. We first describe how an expansion of the determinant Dy^ (A) in powers of e can 
be reduced to an expansion on the trace of an operator that takes a complicated form. 
We split this operator into two parts in a natural way. By arguments of combinatorial 
nature we will prove that the first part is negligible as £ —0 and therefore produces no 
term in the expansion of Dy^. We will deal with the second part essentially by deriving 
an operator-valued expansion of in powers of e. The operators in this 

expansion will produce all the terms in the expansion of Dy. The expression of the 
coefficients in the expansion is theoretically traceable directly from the proof. We 
compute the first few terms. In dimension one the pole of Ro{X) at A = 0 will cause 
some trouble. We will overcome these difficulties by arguments specific to the one¬ 
dimensional case but that still rely on trace and determinant computations rather 
than on ODE techniques. 

1.5. Notation. From now on we drop the subscript e and we fix L > 0. Given a 
function W G L“(B'^(0,L) x V is the function associated to W by (1.1). We 

will use the following notation: 

• is the set equal to C \ {0} when d = 1 and equal to C when d >3. 

• Any time ± or =p appears in an equation, this equation has two meanings: one 
for the upper subscripts, one for the lower one. For instance, f{x) = =f 1 for 
±x > 1 means f{x) = —1 for x > 1 and /(x) = 1 for —x > 1. 

• If X G M, x_ = max(0, —x). 

• For X G M", (x) = (1 + |xp)^/^. 

• If z G C and r > 0, D(z, r) denotes the set of tc G C with \z — w\ < r. 

• If X G and L > 0, B‘^(x, L) denotes the set of ?/ G with \x — y\ < L. T'^ 

is the d-dimensional torus M‘^/(27rZ)'^. 

• Let be a space of functions on an open set ^ C M'^. We write / G 

if / belongs to and has compact support in ^ and / G ^oc if for every 


p G Go-(M''), p/ G 


• For a potential X^ Res(lF) is the set of resonances of 'Y. If A G Res(lF), mf{X) 
is the geometric multiplicity of A defined by 



• If M 2 are two Hilbert space, we denote by SS{My M 2 ) (resp. M{Mi, ^^ 2 )) 
the space of bounded (resp. trace class) operators from M\ to M 2 and by 
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(resp. the space of bounded (resp. trace class) operators from 

M’x to itself. If C) we simply write SS = e^(^) and ^ 

• If / is a function on f and ^f both denote the Fourier transform of /: 

• We dehne the space of complex-valued functions / with f{^) G 

If s is an integer we dehne IF®(M^) the space of functions with s 
derivatives in and we write \ ■ \w‘ = \\ ■ lU Similarly Wg (B'^(0, L)) is 

the space of functions in fF®(M‘^) with support contained in B'^(0,L). 

• For k G denotes the multiplication operator by the function 

• p denotes a smooth function that is 1 on B'^(0, L) and 0 outside B'^(0, L -|- 1). 

• The operator D is —idx- It is a vector-valued operator in dimension d > 1. For 

k = {ki, ...,kd) G k ■ D is the operator kiD^^ kdDx^- 

• In general if A(A) is a family of operators depending on A we will write A for 
A(A) unless there is a possible confusion. 

Acknowledgment. We would like to thank Maciej Zworski for his help and guidance. 
We also thank Michael Weinstein, Vincent Duchene and Iva Vukicevic for stimulating 
discussions and for sharing the Matlab codes leading to Figure 2. This research was 
partially supported by NSF grant DMS-1500852 and the Fondation CFM pour la 
recherche. 


2. Resonance escaping in the case Wo = 0 

In this part we start with preliminary estimates that will be used all along the paper. 
Then we prove Theorem 1 and construct in §2.3 an example of potential that proves 
that this theorem is optimal. 


2.1. Preliminaries. For Y G L“(B'^(0,L),C) we dehne Ky the operator pRo(X)y. 
We start by the following preliminary: 


Lemma 2.1. For all a,P ^ {0,1, 2}'^ with |a|-|-|/3| < 2 and for all 'F G wd^'(B‘^(0, L), C), 


D-K-rDX < 


rc(A)“+'’|A|-v'-<'”^>-ll-riii,i 

|^(A)H + l/3|-lg2L(ImA)_||y|||^l 


if d=\, 
if d > 3. 


The constant C depends on d(supp(lF), dB'^(0, L)) only. 


Such estimates are proved in [DyZwlS, Theorem 2.1] and follow from Schur’s test. 
We recall that X^, = C if d > 3 and Xi = C \ {0}. The following lemma characterizes 
resonances of a potential F via a Lippman-Schwinger equation. 

Lemma 2.2. Let Y G L“(B'^(0, L), C). X E Xd is a resonance of Y if and only if 
there exists 0 ^ u E L'^ such that u = —Kyu. 
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Proof. For A G C if c? > 3 and A G C \ {0} the operator Ky is compact. Thus Id + Ky 
is injective if and only if Id + iF^ is invertible. For ImA ^ 1 we can invert Id + i?o(A)^ 
via Neumann series. Moreover, 


Ry(\) = (Id + Ro{x)r)-^ Ro{x) = J2^-Ro{x)yr RoW 

\n=0 / 

oo oo \ 

Y,(-Krr + (1 - p) ) «»(^) 

vri.=0 n=l / 

^ CX) \ 

Id + (1 - p) 5^(-i?o(A)r)’^(Id + Kp) (Id + Kr)-^ i?o(A) 


n=l 

oo 


Id + (1 - p) 5^(-i?o(A)r)’^ - {-R,{X)rT^^ (Id + Kr)-^ i?o(A) 

V n=l / 

= (Id - (1 - p)i?o(A)r) (Id - (Id + Ky)-^ Ky) i?o(A). 

The operator i?o(A) meromorphically continues to C as an operator to while 
the operator (Id + iF^)~^ meromorphically continues to C as an operator Lf to Lf. 
Thus the identity 


Ry{X) = (Id - (1 - p)Ro{X)y) (Id - (Id + Ky)~^ Ky) i?o(A) 


( 2 . 1 ) 


initially valid for ImA S> 1 meromorphically continues to all of C. The poles of the 
RHS are precisely the set of A such that 16. + Ky is not invertible (apart from A = 0 in 
dimension one) while the poles of the LHS are the resonances of K. This proves the 
lemma. □ 


2.2. Escaping of resonances. We prove here Theorem 1 in the case d = 1. Assume 
that (1.2) holds. If A 7 ^ 0 is a resonance of V then by Lemma 2.2 there exists u such 
that u = —Kyu and |m |2 = 1. It satishes the a priori estimate 

(A) 

\u\m = \Kvu\m < \Kv\^(h^,l'^)\u\2 < C --|fF|oo|M| 2 , (2.2) 

in particular it belongs to The well-known estimate \fg\m < I/IriIs'Iri (valid in 
dimension one) implies by duality that |/ 5 '|_h--i < The bound (2.2) yields 


|m |2 — \Kvu \2 < 


/A\g2L(ImA)- /x\2 4L(ImA)_ (2.3) 

- \V\H-Au\m<C ^ ' 1,12 - \V\h-AWUu\2. 


|A| 


|A|^ 


To estimate \Kp\^{H-'^,L‘^) we used the adjoint bound i.e. we estimated \Kp[—X)\^ 1 ^ 1,2 
thanks to Lemma 2 . 1 . We claim that |IA|j 7 -i < e:^|IF|x‘>, where | IF |x» = ^k^Q\k\~^\^k\H’>- 
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Indeed using that | hhfcb = and |Id|^-i = | (.^) ^ V \2 we have 


Tl«-. = 




kf^O 


< 


< 


X] |«)'' a - *:/£>■' a - *:/£>'M4K - k/e) 


kfko 


E I «r‘«-*:/■:>“* UHVt 




fc/0 


< I (0"' (e - k/e)-^ \oo\Wk\Hs < Cj2{k/y~"\Wk\Hs < cWU- 

kfkO k^O 

In the last line we used Peetre’s inequality: for every x,y and t > 0 there exists 
a constant C such that 

{xrUy)-'< C {x - y)-y (2.4) 

Now combining u = —Kyu and \u \2 = 1 with the estimate (2.3) we get 

M\2 4L(ImA)_ 

-|VP|x^- 

Hence either |A| < 1 and then |A| < for some constant c; or |A| > 1 and 

Im A < ^ In {C\W\j^s) - ^ ln(£-^). 

This proves Theorem 1 for d = 1. 

We next prove the theorem in dimension d > 3. In this case the inequality |/ 5 '|_f/i < 
l/ljLildlni no longer holds and we must hnd another way around. Let W such that 
ITo = 0 and ( 1 . 2 ) holds and n 7 ^ 0 with \u \2 = 1 and 


u = 


-AVn = 


A 


u. 


(2.5) 


fc^O 


As in the case d = 1 m satishes the a priori estimate |m|hi < |1T|oo|m|2- 

Noting that 

where +- +kdD., 

\K\ \K\ 

we obtain the commutator identity 
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Consequently 

e-^\k\ < \Kw,Pke^’^'^^u\2 + Pku\2 

< \KWkPk\ss\u \2 + \KWk\^\PkU\2 

< Ce^^^^^^P\\Wk\\i\u\2 + Ce^'^^^^^-\Wk\oo\u\m 
<Ce^P^^^P\\WkUl + \WU\u\2. 


( 2 . 6 ) 


From the second to the third line we used the estimates of Lemma 2.1. From the third 
to the fourth line we used (2.2). Sum (2.6) over k &J/\ {0} to obtain 


M 2 


= \Kvu \2 < + |lF|oo) ( 




Mb¬ 


it follows that 


1 < C£e “‘‘"^>-(1 + UVU) 


\\W, 


fc 1 




\k\ 


which implies an upper bound on ImA of the required form. This ends the proof of 
Theorem 1. 

2.3. Construction of an optimal potential. Here we show that the rate of decay 
of imaginary parts of resonances of I4 provided by Theorem 1 is optimal in dimension 
1. We construct a function W with Ho = 0 satisfying (1.2) such that the potential V 
dehned by (1.1) has a resonance Ag rs_/ —1 ln(£ ^) with £ = 7r/(2n). Define W by 

W{x,y) = 1 [-1/2,1/21(2:) (l[o,^](2/) - l[-^,o](l/)) • 

The /c-th Fourier coefficient of W is given by 

{ 0 if fc is even, 

2 t ( ^ -.l.- AA 

—l[_i/2,i/2](a:) if fc IS odd. 

The function 1[_ 1/2,1/2] belongs to ^ for all 1/2 > <5 > 0 and 

\k\-P^+^\Wk\HU2-s <csY, < 00 . 

fc/O fcT^O 

Therefore W satishes (1.2) for every s G (0,1/2). The potential V associated to W by 
(1.1) is plotted on Figure 3. 


We next characterize resonances of V as zeros of a certain 2x2 determinant. 
Lemma 2.3. Let A± be the matrix 


A+ = 


0 1 
±1-A2 0 


(2.7) 
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Figure 3. The potential V for e = 7r/12. 


Then A 0 is a resonance ofV for e = 7r/(2n) if and only if D{X) = 0 where 

Here Det(a, 6 ) denotes the determinant of two vectors a,h o/C^. 


Proof. We recall that since (i = l,A 7 ^ 0 isa resonance of V if and only if there exists 
a non zero fnnction u G with 

(-u” + Vu- X‘^u = 0 
I u{x) = ±x 3> 1 

see [DyZwl5, Theorem 2.4]. Using standard nniqneness resnlts for ODEs A 7 ^ 0 is a 
resonance of V if and only if there exists a G C snch that the boundary problem 

( -u" + Vu- X^u = 0, 

I m(-1/2) = 1 , m'(-1/2) = -iX, (2.8) 

I m(1/2) = a, m'(1/2) = iaX 


admits a non-zero solution u in The ODE 


f -u” + Vu- X\ = 0, 
\n(-l/ 2 ) = 1 , m'(- 1 / 2 ) = -iX 


admits a unique solution u G Hy^^. The coefficients of the ODE are constant equal to 
±1 on intervals of length Ti/{f2n). Hence u can be explicitly computed using a matrix 
exponential. A direct calculation shows that 

“( 1 / 2 )^ _ / A+/2n A_/2nA^ ( 1 

u'{l/2 )^ “ O e 
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where A± are the matrices given by (2.7). Putting together (2.8) and (2.9) A 7^ 0 is a 
resonance if and only if there exists a such that 

A) = ( 4 ^) . 

that is, if and only if D{X) = 0. This ends the proof. □ 



In order to prove that V.^i(^ 2 n) has a resonance A„ ~ —iln(n) we study asymptotics 
of D{X) uniform in the region {(A,n) : |A| = (9(ln(n))}. By the Baker-Hausdorff- 

Campbell formula, there exists a matrix Zn G M2(C) such that e^" = its 

asymptotic development is 

z, = + A 7 W+, A_1 + V —^Pm(A+, A_). 

m>3 ^ ^ 


The terms Pm{X, Y) are homogeneous polynomial of degree m in the non-commuting 
variables X,Y. The expansion converges as long as |A+| < 2n, |y4_| < 2n - see 
[BlCa04]. This is realized as long as |A| = o{y/n), hence when A = 0(ln(n)). It yields 

Zn = ^ ^ (n"^A®) when A = 0(ln(n)). 

Therefore 


nZ I 


= exp 


Al+ + Al 


+ (1 + 


A direct computation leads to 

A+ +A 




T/4n 1 
—A^ l/inj 


The eigenvalues are ±n, u = i^yX'^ — (4n)“2 and therefore 

-z/ 0" 

V 0 n, 


-1-[A+, A_] = hlAhl ^ with A = ( y and VL = ^ ^ 


z/ -|- (4n) ^ h> + (4n) 


-1 


Another direct computation gives 

D{X) = Det(fI)Det ,n-^ (l + O (n-^A®)) 

((a ^ ((a - 0^ ^ 

= + <2 ((nA)-) - (gj (1 + o P-A-'))) (1 + 0 (n-V)) 
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as long as A = (9(ln(n)). In order to investigate the behavior of zeros of D{X) we 
investigate hrst the behavior of zeros of the function / given by 


/(A) =4 


^2iX 


{AnXy 


Lemma 2.4. The zeros of f are given by = iWu{±i/8n), u e Z where Wy is 
the u-th branch of the Lambert function - see [CGHJK96] . In particular as n goes to 
infinity A^ ~ —iln(n). Moreover, there exists ro (independent on n) such that for all 
n large enough and 9 eEX , 

|/(A+ + roe*^)| >3ro. (2.10) 


Proof. The equation /(A) = 0 is equivalent to 


-iXe-^^ = ± —. 

8n 

Therefore zeros of / are given by —iWy{±i/8n). From [CGHJK96, equation (4.20)] 
we obtain the asymptotic A^ ~ —iln(n). In order to show the lower bound (2.10) we 
consider r G (0,1)- We prove some estimates that are uniform in n and 6 E as 
r —>■ 0. The identity f{Xf) = 0 yields 

/ .rp'® \ ^ 

/(A+ + re*®) =4-4 

As r —>■ 0, = 1 + re*® + o(r), therefore 


1 + re^yXf 

re*®(l — A^) + o(r) 


1 + re^^/Xf 1 + re^yXf 

For n large enough we have A^ ~ —iln(n) and thus a fortiori |A^| > 2. This implies 

r/2 + o(r) 


Similarly, 


1 + re^^/Xf 


1 + 


> 


1 + re*7Aj 


1 + r/2 

> 2 + 0(r). 


= r/2 + o(r). 


Therefore for r small enough 

|/(A^ + re*®)I > 4r + o(r) > 3r. 
This completes the proof of the lemma. 


□ 


For A E 5D(A7fo), /(A) is bounded from below uniformly as n —)■ oo. Hence for 
A G c?D(A^, fq), 


4 + 0 ((nA) 2) - (1 + O (n 7 1)) = /(A) (l + O (n 7 i)) 

= /(A) (l + O (n"^ hi(n)"^)) . 
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This implies that for A G 5D(A^,ro), 

-D(A) = (l + (n“^ ln(n)"^)) (l + O (n“^ ln(n)®)) 

= (l + 0(n-2hi(n)®)) . 

By Rouche’s theorem this is enough to ensure that for n large enough, -D(A) has exactly 
one zero on '^(A^, Tq). This proves that there exists a resonance behaving like —i ln(?7,). 

3. Applications of Theorem 5 

Here we consider W G C“(B'^(0, L) x C) and 14 given by (1.1). We assume that 
Theorem 5 holds and we get directly to the applications. We prove that resonances 
of 14 in compact sets admit a full expansion as £ —)■ 0 (Theorem 2); that they can be 
well approximated by a small perturbation 14ff,e of Wq (Theorem 3); and we give a 
description of the localization of resonances of 14 (Theorem 4). 

3.1. Expansion of resonances in powers of £. In this paragraph we prove Theorem 
2. We start with the case d > 3 or Aq 7^ 0. 

Proof of Theorem 2 assuming d> 3 or Aq 7^ 0. Let Aq be a simple resonance of Wq 
with Ao 7^ 0 if d = 1. For iV > 0 and p = AN{d + N) consider iAy(A) given in (1.7). 
This is a holomorphic function of A near Aq. By Theorem 5 it converges to Dwo as 
e —)■ 0 uniformly on a neighborhood of Aq. Thus by Hurwitz’s theorem Dy has exactly 
one zero Ag that converges to Aq. It follows that for e small enough and tq small enough 
Ag is the only resonance of V on D(Ao,ro). 

Dehne /(A, e) = Dv{X) if e 7^ 0 and /(A, 0) = Dw^{X) otherwise. By Theorem 5 the 
function / is of class in a neighborhood of (Aq, 0). In addition since 

0 f 

^(•^0)0) = iA^yi^(Ao) 7^ 0 

the implicit function theorem implies that the equation f{X,e) = 0 has exactly one 
solution in a neighborhood of (Ao,0). Using uniqueness it must be (Ag,£). It follows 
that the function e —)■ Ag is C^~^. As N was arbitrary we conclude that £ —>■ Ag is C°° 
for £ near 0. Thus for all N, 

Ag = Aq + SCi + ... + ^Ctv-I + Cj G C. 

We now derive the values of Ci, C2, C3. Let Rw^^i^X) be the meromorphic continuation 
of the operator (—A — A^ + Wo)~^. Since Aq is a simple resonance of Wq there exists 
u G idiQ^(]R'^, C), n G C) such that 

RwoW - 
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where H{X) : ^comp ^loc ^ family of operators holomorphic near Aq. Let / be a 
smooth compactly supported function on Since Rwq{X){Pv — A^)/ = / we have 

0 = (w 0 v){Pv - Aq)/ = iu {v, {Pv - Aq)/)^, = iu {{Py - Xlfv, f)^,. 

Since this is valid for arbitrary / it yields {Py — Aq)*^ = 0. Thus v G and 
{Py — Ao)n = 0 which implies v + i?o(Ao)fLoT = 0. 

Let flo be the operator —ip{u 0 v)Wo. We claim that the family of operators 

{-KwoY~'^ 0-d + Kwo) ^-T—^ (3.1) 

is holomorphic in a neighborhood of Aq. Indeed since (Id + = Id — pi?vi/p(A)ITo 

there exists a family of operators B{X) holomorphic near Aq such that 

(Id + AV,)-‘ = jllv + 

It leads to 

(Id + Kwo)-" - -v\- = i-KwoY-" (Id + " (W + + BiX) 

= _ (Id - i-KwoY-^) (Id + + B{X) = -(Id + ... + {-Kw,Y-^) + B{X). 

This is as claimed holomorphic near Aq. 

Let A G L°°(B'^(0, L), C). We now compute the trace Tr ((—iLvi/g)P“^(Id + 

modulo a holomorphic function. Since the operator given by (3.1) is holomorphic near 
Aq and trace class there exists a function ip holomorphic near Aq such that 

Tr ((-A'„,,r"(Id + AVJ-'A'a) = 

A — Aq 

Using IIo = —ipu 0 vWo and v + i?o(Ao)ILoT = 0 we get 


Tr(noA'A)(Ao) =-7 / p{x)u{x)v{y)Wo{y)Ro{Xo,y,x)A{x)dxdy 


= -i u{x)A{x) / Ro{Xo,x,y)Wo{y)v{y)dy dx 


= —i u{x)A{x){Ro{Xo)Wov){x)dx = i A{x)u{x)v{x)dx. 


It follows that 

Tr {{-KwoY~"i^d + Kw.r^KYj = ( [ Amt) + (p(A). 

A — Aq V-'R'* / 

Apply the formula (3.2) to A = s^Aq to obtain 

Dy{X) = DwoW (1 - Tr {{-KwoY~\ld + + 0{eY 

= BwoW (^1 - Xo (/d 


(3.2) 
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Here the function (^q is holomorphic near Aq and does not depend on e. If g is the 
holomorphic function such that g{X){\ — Aq) = D\Yq{\) then 

Dv{X) = gW (a - Ao - Aouv^ - e^{X - Ao)v?o(A)^ + 0{e^). (3.3) 

Note that as e —)■ 0 we have g{Xe) —)■ D\^^{Xo) ^ 0. Thus specializing the identity (3.3) 
at A = Ae leads to 

0 = Ae - Ao - ie^ (^j^ Aquv^ - e^(Ae - Ao)(^o(A£) + 0{e^). 

Since A^ — Aq = 0{e) and </9o(A£) —)■ </3o(Ao) as £ —)■ 0 we obtain 

Ae = An + is'^ 


Aquu ) + 0{e^). 

J 


(3.4) 


This recovers the result of [DVW14]. 

Now to get the second order correction we apply (3.2) successively to A = s^Aq and 
A = £^Ai. The same operations as in the previous paragraph lead to 

Dy{X) = Dw,{X) (1 - Tr + 0{e^) 


= 9{X) A - Ao -f 


(e^Ao + £^Ai) — (A — Ao)(£^</5o(A) + £^V3i(A))^ + 0{e^) 


for a function (pi holomorphic near Aq. Here again specialize this identity at A = Ag 
and use g{Xs) —)■ fi'(Ao) 7 ^ 0 to obtain 


0 — — An — i 


(e^Ao + £^Ai) uv^ — (Aj — Ao)(£^ 93 o(A£) + £^</ 9 i(A£)) + 0{e^). 


This time by (3.4) we know that A^ — Aq = 0{e‘^). It follows that 


AqUV 


)“■(, 


Aiuu j +0{e‘^). 




Ae — Aq + is 

This proves the theorem. □ 

In the case Aq = 0 and d = 1 we use the following refinement of Theorem 5: 

Lemma 3.1. Let W belong to C^{[—L,L] x T^,C) and V be given by (1.1). There 
exists an entire function hy satisfying the following: 

(z) Aq is a resonance of V of multiplicity m if and only if it is a zero of hy of 
multiplicity m. 

{ii) There exists h ^,..., Ln-i such that locally uniformly on C 
hy{X) = XdwoiX) (1 - Tr ((Id + Kwo)~^Ka)) + e^h^{X) + ... + s^-^hN-iiX) + 0{e^) 
where dwoW = Det(Id + Kyr^) and A is the potential given by 

WkW.u ,v-ITfc(W-fc) 


A = s'^Aq + £^Ai = ^ 




2e^Y. 

fc/0 
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We defer the proof of Lemma 3.1 to §4.6. The proof of Theorem 2 in the case Aq = 0 
and d = 1 is the same as in the case d 7 ^ 1 or Aq 7 ^ 0 using hy instead of Dy and we 
skip the details. We end this part with a version of Theorem 2 for resonances Aq of 
Wq with higher multiplicity. 


Theorem 6. Assume that W belongs to x C) and that Aq is a reso¬ 

nance of Wq with multiplicity m. Then in a neighborhood of Aq the potential I 4 has 
exactly m resonances Ai,£,..., Xm,e for e small enough. In addition for every j G [l,m] 
and N > 0, 


he = Ao + + c.-ae'/'” + ... + G C. 


Proof. Let Aq G Xa be a resonance of Wq of multiplicity m>l. FixA^>0 and p, 
Dy given by Theorem 5. Since locally uniformly on C we have Dy{X) — Dwo{X), by 
Hurwitz’s theorem the function Dy has exactly m zeros (counted with multiplicity) 
converging to Aq. These zeros admit a Puiseux expansion: there exists ci,i, ...,Cm,N-i 
such that the zeros Ai^^,..., A^.e of Dy near Aq are given by 

A,-, = Ao + 1 + ... + + Oie^^h- 

Now since Dy{X) = D]y^{X) + O(e^), Cj^i = 0. In the case Aq = 0 in dimension one the 
proof can be modihed by considering hy instead of Dy. This proves Theorem 6 . □ 


3.2. Derivation of an effective potential. In this part we prove Theorem 3. We 
start by giving a few preliminaries concerning trace class operators and Fredholm de¬ 
terminant. The reader can consult [DyZwlS, Chapter B] for a complete introduction. 
The singular values of a compact operator X : ^ —)■ DP are dehned as the non¬ 
increasing sequence Sj{X) = Aj((X*X)^/^). In particular so(X) = |X|^(^). The 
singular values satisfy two remarkable inequalities. If Y is another compact operator 
then for every j, i, 

Sj+,{X + Y)<s,{X) + se{Y), 

Sj,(XY) < Sj(X)s,(Y). 

We say that a compact operator X is trace class if the sequence Sj{X) is summable. 
The trace class norm of X denoted by \X\jf is the sum of the series. If X trace 
class we can dehne the trace of X and the Fredholm determinant Det(Id -|- X). This 
determinant vanishes if and only if Id -|- X is not invertible. Recall that X8d = C for 
d > 3, Xi = C \ {0} and that K-y = pi?o(A)X. 

Lemma 3.2. Let Y in L), C). Uniformly on {ImA > 1} and locally uni¬ 
formly on Xd, Sj{K-y) < . Consequently if p > d is an integer the 

operator Ky is trace class and locally uniformly in Xd, uniformly in {ImA > 1}, 

\Ki.\^<c\y\y 

Proof. We combine [DyZwlS, Equation (B.3.9] with Lemma 2.1. This gives: 

s,-(Xr) < Cj-^h {DfKrh < C'|X|ooj-'/" 
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This estimate works both locally uniformly on and uniformly on {ImA > 1}. In 
order to prove that the operator Ky belongs to ^ for p> dit suffices to prove that the 
sequence of singular values Sj{Ky) is summable. Using the properties of the singular 
values, 

OO OO OO OO 

(At) < P E "w(Ay) ^ p E Ap)" < CAISo E L""-'''. 

j=0 j=0 j=0 j=0 

Since p > d the series converges and the lemma follows. □ 


This lemma implies that for X G L), C) the Fredholm determinant 

Dy{X) = Det(Id + '^{z) = (1 + z) exp ( -z ^-— ) - 1 

V 2 P-^ J 

is well defined when A G Xd - see [Si77, Lemma 6.1]. It is an entire function of A for 
d > 3 and is a meromorphic function of A with a pole at A = 0 for <7=1. We now 
show the seemingly unknown: 


Lemma 3.3. Let Wo,A G L), C). If p > d and 71vvo+eA is the Fredholm 

determinant given by (1.7) then there exists bQ,bi,... holomorphic functions of X E Xd 
such that locally uniformly on Xd, 

OO 

Dwo+eaW = y^,bj{X)eL 

j=0 


In addition bo{X) = D\Yo{X) and 


6i(A) = Dwo{\) ■ Tr ((Id + Kwor^-Kwof-^K a) . 


Proof. Let Wq, A G L°°(B'^(0, L),C). By [Si77, Theorem 3.3] if p > d and T is given by 
(1.6) the determinant {e, A) h->• 71wo+£a(A) = Det(Id + \I'(iLvKo+£A)) is an entire function 
of e (with A G Xd hxed) and a holomorphic function of A on Xd (with e hxed). Thus 
by Hartogs’s theorem it is analytic on C x Xd- Write a power expansion of as 

follows: Dwo+saW = J2n=o^n{X)e"-. Since 




n\ de'^- 


(A) 


£=0 


the function bn is holomorphic on Xd- We next identify the coefficients 6 o(A) and &i(A). 

Fix m > d and assume that A G D(Ao, 1), ImAo ^ 1. By Lemma 2.1 and Lemma 
3.2, 

cm 


I I ^ I Tfm-d \ 

\^Wo+eA\^ — |-^nb+£A| 


\K\ 


Wo+ea\j^ — |^|m—d 


It follows that the series 


E(-i) 


m=p 


T^m 

m 
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converges absolutely in for Im A 3> 1 and in addition 


^ito+£a('^) = exp 


E(-i) 


Tl' (A', 


m 

Wo+ek) 


m 


(3.5) 


see [Si77, Theorem 6.2]. If d = 1 then Ti^Kwa+ek) = Tr(77vvo) + ^Tr(i7A). We now 
obtain a first order Taylor expansion of Tr m > d. Using the binomial 

expansion, the cyclicity of the trace and the Taylor-Lagrange inequality, 


Ti- (A-,y«A) = Tr {RZ^) + msTr (RZ;'R\) + r,„(s), 

^Wo+eh) 


\r (.)! < 1 sup 


(c'). 


(3.6) 


We claim that \rm{£)\ < for ImA large enough. The function e i—)■ Tr is 

holomorphic and satisfies 

when Im A > 1. Therefore the Cauchy estimate for derivatives of holomorphic functions 
shows that |rm(e)| < (|IUo|oo + |A|oo)”^ when ImA > 1. This proves the 

claim. (3.6) implies then 


E(-i) 


Tr 

m 


°° Tr ( /Y™ i °° 

^ 5^(-l)"*Tr + 0{e^) 

TDj 


°° Tr () 

= - eTr {{-KwJ-\ld + Kw,)-^Ka) + Oie^). 


when ImA > 1. The following determinant asymptotic follows: for ImA large enough, 

1 + eTr ((-iCH/o)"“'(Ici + Kwo)-^Ka) + 0(8^) 

= DwoW (1 + ^Tr {{-Kw,r-\ld + Kw.r^K^)) + 0{e^). 

Thus 6o(A) = T>Wo(A) and 6i(A) = T>Wo(A)Tr {{-Kwoy~\ld + Kw.Y^K^) for Im A > 
1. Since the functions ho, hi are holomorphic by the unique continuation principle these 
identities must also hold on X^. This ends the proof of the theorem. □ 


T>m/o+£a(A) = exp 


OO 


m=p 


T)' 


Tbc 


m 

Wi 


m 


We are now ready to prove Theorem 3. It is the special case m = 1 of 

Theorem 7. Let Ws = W) + £^Ao + were Aq, Ai where defined in Theorem 5. 
Let /ig he a family of resonances of Wfi.e with multiplicity m. For every £ > 0 there 
exist m resonances counted with multiplicity Ai^g, ...,Xm,e ofVe such that 

|A,,, - p,| = O)^-/”). 
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Conversely let \ he a family of resonances of with multiplicity m. For every e: > 0 
there exist m resonances counted with multiplicity •••,/im,£ o/Kfr,e such that 

|A,, - ft,.I = 0(5-''”). 


Proof. Assume d > 3. Fix N = 4, p = 16{d + 4) and Dy given in Theorem 5. Let 
Kff = hFo — — £^Ai. By Theorem 5, 

Dv = DwoiX) (1 + Tr ((Id + + 0{e^). (3.7) 

Dehne the Fredholm determinant 

^y{X) = Det(Id + 'i/j{Ky)), fj{z) = exp ^('2^)- 


The Fredholm determinants Dy dehned in (1.7) and are related through 


Dy{X) = exp 


p — 1 


^r(A). 


Therefore (3.7) implies Dv{X) = 

exp (^ Tr((-jFM/jP ^) ^ (l + Tr ((Id + 


Lemma 3.3 leads to 

Dv{X) = exp 




»v.,(A) + 0(5-) 


where Ke = IFo ~^^Ao — e^Ai. Consider now a bounded family of resonances of 14^ 
of multiplicity m. As Pe is bounded there exist C, r such that for every A G D(/ie,r), 


exp 


^I4ff(A) 


>c\x-ii,r 


(3.8) 


Let 7 ^ = cID(p£, ce^/'^). If c is small enough then by (3.8) for every A G 


Dy{X) — exp 




p 


^viff(A) 


< 


exp 


Tr((-iF^J^-i) 


p 


^ye.(A) 


By Rouche’s theorem this implies that V and I4ff have the same number of resonances 
inside the disk D(p£,c£^/™). The proof of the convert part is similar and we omit it. 
This proves Theorem 7 away from the resonance 0 in dimension one. 

We now concentrate on d = 1. In this case by Theorem 5 and Lemma 3.3 the 
function hy of Lemma 3.1 satishes hy{X) = Xdy^f^{X) + 0(8^ locally uniformly on Xd- 
The functions hy and dy^^ are both entire. By a Cauchy formula, if A G D(0,1) then 


hy{X) 


1 / Adv^g(/i)d/i 

271* Jao{o, 2 ) p — A 


+ 0(£^) 


and this holds uniformly on D(0,1). Thus the estimate hy{X) = Ady.g(A) + 0(£^) holds 
locally uniformly on C. The end of the proof is the same as in the case d > 3. □ 
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3.3. Uniform description of the resonant set. Here we prove Theorem 4. Let 
W e X T'^,C) and V associated to W by (1.1). Fix B > 0. We first 

localize resonances of V that are above the line ImA = —B. According to (2.1) the 
set of resonances of V in is the set of A snch that the operator Id + iFy(A) is not 
invertible on L^. Thns if A G Xd is a resonance then \Kv\.^ > 1. Since for ImA > —B, 
\Kv\^ < C'|U|ooe^^^/|A|, for £ small enongh resonances of V and Wq in the half plane 
ImA > —B all belong to a same disk D(0,p). By Theorem 5, 

iAy(A) = Dwq{X) + 0{e‘^) nniformly on D(0,p). 

As Dwo has no zero on dD(0, p) we have 

J_ I £vX 

JdD(o^p) Dv{\) 

Therefore Wq and V have the same (hnite) nnmber of resonances on D(0, p) for e small 
enongh. By Theorem 6 there exists c > 0 snch that these resonances belong to 

% = U D(Ao,C£2/"^’^oFo)) _ 

AoGR.es(Wo), 

Im \o>—B 


dX^ — 
2 m 


D'woW 
dn{o,p) ^WoW 


dX. 


Now assnme that A G Res(U) satishes ImA < —B and that A does not belong to 
the set XT's; dehned in (1.5). This means 

A ^ U ® ■ 

AoGRes(Wo), 

Im 

Then (see the proof of [DyZwl5, Theorem 3.49]): 

We now reprodnce the proof of Theorem 1 for d > 3. Since A G Res(U) there 
must exist u E with u = —Kyu. In particular u belongs to with \u\h^ < 
Ue^CimN-lppi^l 

u\ 2 - The equation u = —Kyu is equivalent to 
n = - (Id + Kw,y^ Ky^u = - (Id + Kw,y^ Y. 

fc/O 

where V^{x) = hFfc(a;)e*^^/^. As in the proof of Theorem 1, we perform an inte¬ 

gration by parts on the term 

This yields 




24 


ALEXIS DROUOT 


Using the a priori bound on \u\h'^ and summing over A; 7 ^ 0 we obtain 
\Kv,u\2 < H 2 . 

It follows that 

\u \2 = \ {ld + Kw,)-^Ky^u\^ < 

Since m 7 ^ 0, this implies a lower bound on |A| of the form |A| > A — C'ln(e:“^)^/^^'^’''^^ 
Thus A belongs to the set dehned in (1.5). This ends the proof of Theorem 4. 



4. Proof of Theorem 5 


We now get to the core of the paper: the proof of Theorem 5. We hrst explain the 
ideas. If Dy is the determinant given by (1.7) we can write formally 

/ °° ('_1 '\m 

Dy{X) = exp I ^ 

\m=p 

It order to prove Theorem 5 it seems necessary to obtain an expansion in powers of £ 
of Tt{Ky). For a potential V given by V{x) = then Tr(iF™) can 

be decomposed as a sum of terms of the form 


r[A;i,..., km] = Tr 



where fci,..., G Zi'^. We now explain how to obtain an expansion for T[/ci,..., km\- 
We say that the sequence fci,..., is constructive if /ci + ... + = 0 and destructive 

otherwise. We use this terminology for the following reason. In the case of a destructive 
sequence the behavior of the oscillatory terms imply —)■ 0 weakly 

as e —)■ 0 . We will prove that in this case T[fci,...,/cm] is of order 0{e^) and thus 
produces no term in the expansion provided by Theorem 5. Now if ki,...,km is a 
constructive sequence let R{^) = (^^ — A^)“^ so that formally Ro{X) = R{D). Using 
the commutation relation = D + k/e, we have 


T[ky...,km]=TTll[pR{D)W, 




ikjmje \ _ 


TTll[pR{D + a,/e)Wk 


(4.1) 


w=i 


\j=i 


where aj = kj + ■■■ + km- We note that there are no more oscillatory terms in the 
second line of (4.1). An expansion of T[A:i,..., km] follows then from an operator-valued 
expansion of the operator R{D + (Tjje), which in turn follows from an expansion of the 
function R{^ + (Tj/e). 
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4.1. Preliminaries on Fredholm determinants. We start by giving a formula for 
general Fredholm determinants as infinite series. Consider X, Y two trace class oper¬ 
ators on and assume that Id -|- X is invertible. Dehne the Fredholm determinant 

L>(/i) = Det(Id + X + /iF). 

This is a holomorphic function of the variable /i, satisfying the bound \D{fi)\ < 
g|Y|^+M|Y|.sf_ Expand it in power series: there exists a sequence uJn{X,Y) such that 


.■fL 

D(p) = y'^^n(X,Y). 

n\ 


n=0 


(4.2) 


The terms a;„(X, Y) are given by the n x n determinant 


uJn{X,Y) = Det(Id + X) 


Tl 

T2 


n — 1 0 

Tl n — 2 


Tn—1 

Tn Tn—1 


1 

T2 Tl 


(4.3) 


where r,- = Tr (((Id -|- X) ^YY) - see [Si77, Theorem 6.8]. 

Lemma 4.1. Let s > 0 and assume that {DY X and {DY Y, initially defined as 
operators from Lfi to H~^, are trace class operator on Lfi. Then 

\uJn{X,Y)\ < I (4.4) 

Proof. First note that since (71)”^ G ^ and (71)^ (X -|- fiY) G we can use the 
cyclicity of the determinant to get 

Det(Id + X + iaY) = Det(Id + {Dfi (X + /aY) (Tl)"*). 

Therefore 

|Det(id + X + frY)\ < 

This proves that Det(Id-|-X-|-/iy) is an entire function of order 1. Therefore by Cauchy 
estimates the coefficients a;„(X, X) must satisfy (4.4). This completes the proof. □ 


4.2. Reduction to a trace expansion. We now start the proof of Theorem 5. Fix 
without loss of generality N > d+1 and p = 4:{d+N)N. Let W in C'“(B'^(0, L) xT'^, C), 
V, Vjj G C^(M'^, C) be given by 

W{x,y) = Y, X(x) = Wo{x) + Vfix), Vfix) = Wfc(a;)e*""/L 

We define \W\z‘> = ll^fclU This quantity is finite for every s > 0. 

Let X and Y be the trace class operators given by 
X = Y = 


T(z) = (1 -I- 2 ;) exp ( - 2 ; + y - 


+ 




p-i 


p — 1 


- 1 . 


(4.5) 
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The expansion (4.2) yields 

Dv{X) = Det(Id + X + Y) = y Y). 

nl 

n=0 

We now reduce this exact infi nite expansion to a finite expansion modulo a term of 
order 0{e^^). We recall that = C if d > 3 and Xi = C \ {0}. 

Lemma 4.2. Locally uniformly on Xd, 

^ 1 

Dv(>~) = Y-,^n(X,Y) + 0 {e'‘^). 
n\ 

n=0 


Proof. It is enough to show that the coefficients a;„(X, Y) satisfy the inequality 

|a;„(X,F)| < {Ce^Y (4.6) 

for all n > 0. Because of (4.4) it suffices then to estimate \Y\^. Recall that the first 
p — 1 derivatives of T vanish at 0 and write a power series expansion of T as 


T(z) = 




1 

ml dz"^ 


( 0 ). 


m=p 


Since the function 4/ is entire of order p — 1 and type (p — 1) ^ the coefficients am 
satisfy the estimate 

Ittml < C" (4.7) 

- see for instance [Ti64]. Next write 

/ I 1 /*1 m—1 

-f(AV,w,)<i*= / E“-»E ^Wo+tVf, ^Vfi 

do 


This yields {Oy (T(Xy) - '^(Kwo)) {D)-^ = 


OO m—1 


5^ a„ ^ ({D}‘ Kw„+,v, {OrY' (Df Kawv.Kv, ({Df AV.+.i^, dt. 


—2\ PP—^—1 


m=p l={) 


The singular values of {D) Kwo+y {D) are bounded as follows: 

s, ({Df V, (DY < |(A>>^ (p(D)-^) < C\W\^Si (p(DY . 

To estimate Sj (p we note that as the singular values of an operator X are the 

squareroot of the eigenvalues of XX*, 


(p{dY = A,. (p{D)-‘pX < Sj (p{D)-‘pY < 0]-^'“. 


(4.8) 
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In the last line we used [DyZwlS, (B.3.9)]. It follows that Sj (D) 

< C\W\ooj~‘^^‘^- In addition using the commutation relation 




P, 




+ ... + kdDx^ 

~lk\ 


we obtain 

\Kv, (D)-^ y < \Kp {Df 1^1 {D)-^ (D)-^ 1 ^ 

< \Kp {Df 1^1 (D)-^ {D)-^ y 

fc^O I I 


(4.9) 


Consequently, 

(D)-p'‘ {C)HlV,w,AV, (Dp ({DfKw„^,v, (Dp) 
< Sj ({Df AV.+,vi (D)-p^^ I (Df K„,+tv,\a\Kv, (Dp \a 


m—i—1 


Sum over f' G [0, m — 1], j > 0 and note that m>p>d + 2to obtain the bound 

m—1 

E (Df K;v„+.v,Kv,KpP, (Dp 

i=0 

This yields 

OO 

\{Df {^{Kv) - nKw,)) {D)-\ < m^\am\C^E^\W\Z-^\W\z2 < Ce^ 

m=p 

where the series indeed converges because of the decay of the coefficients am proved 
in (4.7). This ends the proof of the lemma. □ 


<m^C^e^\W\Z~^\W\z2. 


We now show that Theorem 5 can be reduced to the following key result: 

Lemma 4.3. Let X, Y be given by (4.5) and SLx be the holomorphic continuation of 
the operator Det(Id + W)(Id + X)“^ given in Appendix 5.1. There exist N functions 
Co, Cl, ...cat-i holomorphic on Xd such that for all 1 < a < N, 

Tr {{t^xY)°‘) = co('^) + £Ci(A) + ... + ^cn-i{X) + 0{e^). 

This holds uniformly locally on Xd. 

Assuming that this lemma holds Theorem 5 is only a consequence of a complex 
analysis argument resumed in 
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Lemma 4.4. Let E = C or C \ {0}, S'o be a discrete subset of E. Let (A,e:) —)■ 
f{\,e),g{\,e) two functions such that f{-,e),g{-,e) are meromorphic with poles in S'o 
and such that h{-,e) = /(•, e)g{-,e) is holomorphic on E. Assume moreover that locally 
uniformly on E\ Sq we have 

f{X,e) = fo{X)+efi{X) + ...+e^ ^fN-i{X)+0{e^) ('4 10') 

g{X, e) = go{X) + £(y'i(A) + ... + ^gN-i{X) + 0{e^) 

where fo, go, ■■■, fw-i, dw-i o,re meromorphic functions of X E C. Then there exist 
holomorphic functions ho, ...,hp^_i on E such that uniformly locally on E, 

h{X, e) = hoiX) + shi{X) + ... + e^-^hN-iiX) + 0{e^). (4.11) 


Proof. First note that (4.10) and the fact that h = fg imply that the expansion (4.11) 
holds for A away from S'o. It remains to show that the fnnctions hj are holomorphic 
on E and that the expansion holds locally nniformly on E. We hrst note that locally 
nniformly on i? \ S'o, 


/.(A) 


^.^^ /(A)-/o(A)-...-g^-7,_i(A) 


where by convention /_i = 0. A uniform limit of holomorphic functions is holomorphic; 
thus by an immediate recursion fo, ■■■, fn-i must be holomorphic on E. The poles of 
the fn are then a subset of the poles of / and thus they all belong to S'o. The same 
holds for the poles of gn- Consequently the poles of the belong to S'o. Let n minimal 
so that hn has a singularity at a point Ao G S'o. For r small enough Ao is the unique 
singularity of hn on D(Ao, 2r). For every e > 0, the function 


Hn{;e) 


h(-, e) — shi — ^hn-i 


is holomorphic on D(Ao,2r). As £ —)■ 0, Hn{X,e) = 0(1) and Hn{X,e) —)■ hn{X), both 
holding uniformly locally in D(Ao,2r) \ {Aq}. By the maximum principle there exists 
M > 0 such that for every A G ©(Aq,?") \ {Ao}, 


|^n(A)| = lim |Fr„(A, £)| < limsup sup |iL„(/x,£)| < M. 

'^“^0 £- 5-0 fj.edO{Xo,r) 


Therefore hn is uniformly bounded in a neighborhood of Ao and its singularity is 
removable. It follows that all the hj are holomorphic on E. Now to prove that (4.11) 
holds uniformly locally on E we recall that it already holds uniformly locally on i?\S'o. 
Now if Ao G S'o and r > 0 is such that D(Ao,r) C E and cID(Ao,r) <Z E \ So then 
Cauchy’s formula shows 


h(A) 


1 / ^ I ho(/i) + ^hN-i{fi) + 0{e^) 

Jdn{x,r) T — X 2m JaD(A,r) /x — A 

= ho(A) + ...e^-^hN_^{X) + 0{e^) 


with convergence realized uniformly in D(A,r). This ends the proof. 


□ 
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Proof of Theorem 5 assuming Lemma f.S. By Lemma 4.2 it suffices to prove that for 
every n G [0,iV], uJn{X,Y) admits an expansion in powers of £ at order N. By (4.3), 
a;„(X, Det(Id + X)Y) is a finite combination of terms of the form Tr((<^y')“), 1 < 
a < N. Thus by Lemma 4.3, 0 Jn{X, Det(Id + X)Y) has an expansion of the form 

a;„(X, Det(Id + X)Y) = /o(A) + efi{X) + ... + + 0{e^). (4.12) 

Here the convergence holds locally uniformly on X^- In addition, 

= detddV 

Now apply Lemma 4.4 to E = Xd, Sq = Res(Ho), / = det(Id + X)~^ and g = 
Ci;n(^, L)et(Id + X)Y). The meromorphic function / does not depend on e and its 
poles in E are exactly the resonances of Wo- The function g is holomorphic on E, 
depends on e and admits an expansion given by (4.12). The product h = fg is then 
meromorphic; by (4.6) it is locally uniformly bounded on E and consequently it is 
holomorphic on E. Thus Ci;„(X, Y) admits an expansion in powers of £ at order N and 
Theorem 5 follows. We will compute the hrst few terms in §4.5 below. □ 


The next sections are devoted to the proof of Lemma 4.3. We hrst simplify the 
expression Tr (l^y)“). 

Lemma 4.5. Fora G [l,fV], Tr((.^y)“) can be written modulo 0{e^) as a finite sum 
of expressions of the form TY{XXxEn-i^...XYxEna) where 1 <nj < 2N — 1 and 


^=P £o+...+£n+n=m 

This holds uniformly locally on 


1 d-T 

= “i^iT 0 • 
m! 


(4.13) 


Proof. Fix 1 < a < iV and dehne JYr = (D) Ky (D) Using the cyclicity of the 
trace. 


TT{{^xYr) = TT{{^x'Yr) 

X' = Det(Id + ^{jewo)){ld + dt{jewo))~\ Y' = T(jrv) - d>{.jewo). 


Dehne 

OO 

^m,n — / ^ ^ 

£o+...+in+n=m m=p 


(4.14) 


The index n has the following signihcance: ^m,n is the sum of monomials in JPwoi 
with exactly n factors equal to Using the power series expansion of 4/ and 
Y' = we obtain 


w = a^{jew, + .jey^r - Y. (^-4 + - + ^™,-) = ^n. 

n=\ 


m=p 


m=p 


m=p 
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We claim that 




n=2N 


= 0(s«) 


(4.15) 


if 


In order to prove this start by fixing io, with io + ... + in + n = m > p. Since 
appears exactly n times in the product we have 


^nj ^Vi^WoJ E \^Wo\ 


(4.16) 


We now prove some estimates on On one hand by the same argument as in 

(4.9) we have 

SjiJev,) < < I (D) Kp (D) y ■ I (D)-' y# (D)-^ 1^ < Ce\W\zi. 

On the other hand by arguments similar to (4.8) we have 

sA^v,) < I {D) Kv,U ■ s,{p (D)-') < C'IWUj-'/". 

Interpolating both inequalities yields Sj(J^J < Coming back to 

(4.16) we obtain 

(4.17) 

Since n > 2N >2d + 2 the RHS of (4.17) is summable. Summation over j leads 

< me^/\c\w\z^r 

Consequently if is given by (4.14) then for n > 2N 


\^m,n\^ < m ^'^(C'lWUl)”^. 

The claim (4.15) follows then from (4.18) and the estimate (4.7) on am'- 


(4,18) 


E 

n=2N 


r 




Q(m {<S'm,2N + ... + Sm,r, 


m=p 


< 




if 


m=p 


m 

2N 


+ ... + 


< 


Y, m\am\{2C\W\z^r = 0{e^). 


m=p 


It follows that we can write Y' as a the sum of a finite combination of the operators 
^n with 1 < n < m and a small error in 

oo 2N-1 

y' = Y^-=Yl ^n + o^{e^). 

n=l n=l 

Therefore Tr((l^/E')“) is modulo 0{e^) a finite sum of expressions of the form 

Tv{iFx'^ni---iix'^na)^ 

where 1 < Uj < 2N — 1. Now as X = {D)~^ X' {D), Fn = {D)~^ ^n{D) and 
Tr((t^/E')“) = Tr((^E)“ this completes the proof of the lemma. □ 
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To sum up we have proved that Theorem 5 holds if Lemma 4.3 holds, that is if for 
a G Tr((ti^y)“) admits an expansion in powers of £. In addition Lemma 4.3 

holds if for all rij G [1, 2N — 1], admits an expansion in powers of 


We write the operator given in (4.13) in the following form: 




m=p {ke}e.y;^ \e=i 


(4.19) 


where is the collection of sequences d-tuples {ki,k^), with exactly n non¬ 
vanishing terms. Because of the conclusion of Lemma 4.5 we can restrict our attention 
to operators with n < 2N — 1. For n < 2N — 1 and m > p the sequences of 
have much more vanishing terms than non vanishing terms. This will allow us to use 
some arguments of combinatorial nature. The expansion of Fn given by (4.19) leads 
to 


n 

mi,...,ma=p {kjjeyZl, ■■■’ Vi=i 

where 




/e 


e=i 


ni,...,7la ' ?7-i 




E 


E 




ni,...,na 


E 


E 






mi,...,ma=p {kl}ey^\, ..., W=1 

k\+...+k%^^^0 


e=i 




/e 


^l+-” + ^ma =0 


1=1 


(4.20) 


In the next subsection we study the trace of the operator ^ni,...,n. 


4.3. Destructive interaction. The main result of this part is the following: 

Lemma 4.6. For 1 < a < N and ni, ...,na G [0, 2N — 1] let ^ni,...,na be the trace class 
operator given by (4.20). Then locally uniformly on X^, 

Tr(^.,.,.,.J = 0(£^). 

We start with a few definitions. Let {ki}i<i<y a sequence of d-tuples in 1/ of length 
v . We say that {k(}i<^<y is constructive if it satisfies ki + ... + ky = and destructive 
otherwise. A sequence of d-tuples {ki}i<i<y is said to be admissible if 

{i) It is destructive. 

[ii) It starts and ends with N vanishing terms. 

A sequence with exactly 7 non-vanishing terms is said to be good if 

{€) It is admissible. 


32 


ALEXIS DROUOT 


iii) p' < N + Nj + 1. 

A subsequence of an admissible sequence {fc£}i<£<i/ is a good subsequence if it takes 
the form {ki} q+i<£<q-^-u' for some q, p' and if the sequence {fc£+g}i<£<i/' is good. 

A cyclic permutation of {/c£}i<£<i/ is a sequence equal to 


(^L+l) /ci, 


for some L > 0. We will use below the following version of the pigeonhole principle. 
Let {k£\i<i<i, a sequence with exactly 7 non-vanishing terms. \i p > N{'j + 1), there 
exists a subsequence of {k£\i<£<i, made of N consecutive vanishing d-tuples. The 
next lemma is a combinatorial result allowing us to extract good subsequences out of 
admissible subsequences. 

Lemma 4.7. Every admissible sequence admits a good subsequence. 

Proof. We prove this lemma by recursion on p. We start by noting that any admissible 
sequence with length p < 2N + 1 has at least one non-vanishing term and therefore 
it is a good sequence. We now £x z/ > 2N + 2 and we assume that all admissible 
sequences of length strictly less than p admit a good subsequence. Let {k(}i<i<y be 
an admissible sequence with 7 non-vanishing terms. 

\ip < N -|-7A^-|-1 then {k£}i<i<y is good. Therefore we assume that p > NEjN + 2. 
Consider the subsequence of minimal length of consecutive d-tuples starting at ki, 
containing at least one non-zero term and ending with N zeros: [ki, ...,ki,/). Let 7 ' be 
the number of non-zero terms in this subsequence. Since this sequence is of minimal 
length the pigeonhole principle implies -|- j'N + 1. Hence if ki + ... + k^i 7 ^ 0 

then this subsequence is good and therefore we are done. 

Otherwise the sequence is admissible. Indeed it starts and ends with 

N zeros and it is destructive since ki + ... + k,^/ = 0 and ki + ... + k^ ^ 0. Therefore 
we can apply the induction hypothesis: it admits a good subsequence. This completes 
the recursion and the proof. □ 

Lemma 4.8. Let {ki}i<£<i, be an admissible sequence. Then locally uniformly on Xd, 



(4.21) 


This lemma is the key to prove Lemma 4.6. We start by a preliminary result: 

Lemma 4.9. The operator — Ky{—X) is a smoothing operator. In 

addition there exists a constant C such that uniformly in X E C \ D(0,1), 


(£)2 _ < ^^^^27V+dg2L|A||^| 


(4.22) 


Proof. The operator Iy^i{X) is smoothing as the kernel of the operator Ro{X) — Ro{—X) 
is given by the smooth function 
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see [DyZwlS, Theorem 3.4], In order to prove the estimate (4.22) we note that by the 
product rule for derivatives the operator is a hnite sum of operators 

of the form 

2 \d—2-\-2t 

2 - Roi-XW (4.23) 

where t G [0, iV], t + r < N and y G |a| < N}. The operators of the form (4.23) 

have kernel given by 


{x,y) ^ 


j ^d-2+2N-2t 

2 (27r)'^-i 


x{x) 






{x)y{y). 


Since y\x) = y2Tg*A(a;,3; y) have the estimate 



(4.24) 


uniformly on C \ D(0,1). Since y and y are compactly supported the e^^-norm of 
operators of the form (4.23) can be estimated by Schur’s lemma and the bound (4.24). 
Recalling that t + r < iV it leads to 


1 

2 


\d-2+2t 

^^^yD 2 *(Ro(A) - Ro(-A))r 


<C'|y|oo(A)''^+"e2^l^l|r| 


To conclude it suffices to recall that the operator (D^ — X^)^ly^i{X) is a hnite sum of 
operators of the form (4.23). This completes the proof of (4.22). □ 


Proof of Lemma f.S. We divide the proof in three main steps. 
1. Fix M > 1. We hrst show that 




ikfle 


£=1 


< C‘'’- (A)“ n ||M4,||2„ e", ImA e [l.M], 


(4.25) 


i=l 


uniformly on the set {A : Im A G [1, M]}. Let R^, A) = — A^) ^ and 

A{k, X) = R{D + k/e, A) = e-*'=*/"Ro(A)e*^’/L 

Dehne ai = ki + ... + k^- The commutation relation = D k/e shows 

= P24(0, A)iyfc,e*^^*/"Al(0, 

= R^^'lyA^y X)Wk,A{a2, X)Wk,...A{a,, X)Wk^. 

Now dehne Tj{X) = A{aj, X)...A{ai,, A). Since we are working in the half plane {ImA > 
1} the operator Tj{X) is well dehned and bounded from |-q j ^2 j^. admits a 

bounded inverse Tj{X)~^ from to Thus y4(crj_i,A) = Tj_i(A)Tj(A)“^ as 

an operator on L^. This yields 

= P^^'lypyX) (T2(A)-'Wfc,T2(A)) ... (T,(A)-'iyfc,_,T,(A)) 


(4.26) 
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The estimate (4.21) for ImA G [1,M] follows then from a bound on \Tj{\)~^Wk^Tj{X)\,^ 
and a bound on \Ti{\)\^. We start with the bound on |Ti(A)|^. Since this operator is 
a Fourier multiplier we have 

|Ti(A)|^=sup T\R{^ + aj/e,X) . 

j=i 


We reduce this estimate for ImA G [1,M] to an estimate for X = i. For G and 
ImA G [1,M] we have |(.^^ + ~ -^^)l < C" (A). It implies 


sup 


l[R{^ + aj/e,X) 
i=i 


sup]T|i?(^ + aj/£,i)| • 
« 6 R'' ^=1 


< (C(A))^sup 
5 eK‘^ 


i=i 


+ 1 


Since the sequence {fc£}i<£<j/ is admissible we have ai = ... = ^ 0 and (jy_Ar+i = 

... = CTy = 0. Thus the sequence starts with N equal non-vanishing terms 

and ends with N vanishing terms. Peetre’s inequality (see equation (2.4)) implies 


sup 




^ I /<* I / \ ~2A^ /^\—2N 

< I (^ + (0 


< 


It follows that for A G \Ti\ag < O'" {Xy . 

We next estimate on iT^^hFfcTjl^. We show that for every j G [2, z/], 

\T-^WkTj\^ < C'"-iWfcJ|2(.-,) (4.27) 

using a descendent recursion on j. li j = u then Tj = A{a) for some a G Z'^. Thus 
A{a)-^WkA{a) = Wk + [W^, (B + a/sf - A2]Al(a) 

= Wk + (B^Wk)A(a) + 2(BWk) ■ (B + a/e)A{a). 


The operator A(a) = e“*°'*/^i?o(-^)e*^*'^^ is bounded on with uniform bound when 
ImA > 1 . The operator {B + a/e)A{a) = e“*°'*/^iAi?o(A)e*°'/^ is also bounded on 
with uniform bound when ImA > 1 as BRq{X) is bounded on with uniform bound. 
Therefore: 

|Al(cr)-iWfcAl(a)|^<C'||Wfc||2. 

This proves the case j = u of (4.27). Now assume that (4.27) holds for some j G [3, u] 
and let us prove that it also holds for j — 1 . Write Tj_i = A{a)Tj for some a so that 

Tr_\hFfcT,_i = Tf^A{a)-^WkA{a)Tj 

= {Wk + {B^Wk)A{a) + 2{BWk) ■ {B + a/e)A{a)) 

= {Tf^WkT,) + {T-\B^Wk)Ty A{a) + 2 {T-\BWk)Ty ■ (B + a/e)A{a). 
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Therefore the bounds follows from the recursion hypothesis applied to the operators 
T-^WkTj, T-\D^Wk)Tj and T-\DWk)Tf 

\T-_\WkT,.,\^ < C'-^+^WWkhi.-j) + C^-^+^WDWkhiu-j) + C’^-^+^WD^Wkhi.-j) 

This ends the recursion and thus the proof of (4.27). The estimate (4.25) follows then 
from the identity (4.26), and the bounds on \Ti\^. 

2. We show that an estimate similar to (4.25) holds for ImA G [—M, —1], Write 
K-y{\) = lyfi{X) + I-r^i{\) where lyfliX) = Ky{—X) and /r,i(A) was defined in Lemma 
4.9. This yields 


U V 

nAv.,e“'-'*= ^ 

^=1 1=1 

Fix a sequence ei, ...,ey G {0,1}'^. If all the terms vanish, then 

U V 

e=i e=i 


As Im(—A) G [1,M] we can bound the norm of this operator by directly applying 
(4.25). Now assume that at least one of the ei is equal to 1. The indexes ii,is with 
= ... = = 1 split the sequence ki,in s + I subsequences, of the form 

(/ci,...,fc£j_i), {ke„...,ki^_i), ...,{ke,,...,k^). (4.28) 


At least one of these snbsequences is destructive. Let us assume that it is the hrst one. 
Then (/ci,..., is destructive and starts with N zeros. It does not necessarily end 

with N zeros. Write 


1/ 







e=i 



/h-l ^ 

\ 


V 

n AV.,(-A)e-‘<-'' 

K ..(A)e'‘'.-'' 


n Ui,,.,(A)e“'-/' 

\i=l > 

/ 

SS 

i=lY+l 


(4.29) 


The second factor of the RHS of (4.29) can be controlled by the estimates of Lemma 
2 . 1 : 

n < n c«i‘u,u 

r=^i+i ^ i=ii+i 

for a constant Cm depending on M. We deal next with the hrst factor in the RHS of 
(4.29). Let X G C“(B'^(0,L)) be equal to 1 on supp(p) and dehne Kp{\) = xRo{^)x- 
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Since ImA < —1, Kp{—\)^{D‘^ — p = Id. It follows that 


1=1 


a^-i 




, t=l 


(4.30) 


< 

( n A',(-A)'" 




\^=1 / 

sg 



The same arguments used to show (4.25) yield that for A G [1, M] 


a^-i 




. i=l 


< C‘‘ (A)'- ( n IIW'Llb. 1 e". 

A=1 


{D^ - < (A)''^+"e2^l"l|iyfc,Joo for ImA G [-1,-M] 


By Lemma 4.9, 

Coming back to (4.30) and putting these bounds together we obtain 


ni-i 


nAX(-A)e“-'' /„. ,i(A)e“<.- 


/£ 


. i=l 




< (A)^i+2A+d^2L|A| Y[ \\WkM2. e^. 


a=l 


By (4.29) we conclude that if the hrst sequence among (4.28) is destructive we have 


nK,„(A)e-‘'- 


/e 


e=i 


< Ci (A)"+2A+dg2L|A| 


\i=l 


uniformly for A with ImA < M. In the case where the hrst subsequence among (4.28) 
is not destructive we know that at least one of the subsequence in (4.28) is destructive. 
This subsequence might not start nor end with N vanishing term. Here again using 
that the operator /-^_i(A) is smoothing we can overcome this difficulty. We skip the 
additional details. It leads to the bound 


nK..,(A)e“- 


/e 


i=l 


< n e^. (4.31) 


v^=l 


Sum the bound (4.31) over ei, G {0,1}^ to get that when ImA G [—1, —M], 


Hk 

i=i 


w^e 




< ( Y[ \\W, 


kt\\2u £ 


.N 


(4.32) 


v£=l 


3. We conclude the proof by a complex analysis argument. The estimates (4.25) 
and (4.32) show that (4.21) holds locally for | ImA| > 1. Thus it remains to show that 






















SCATTERING RESONANCES FOR HIGHLY OSCILLATORY POTENTIALS. 


37 


it holds locally for | lmA| < 1. Fix G and consider 

This function is holomorphic in the strip | Im A| < 1. For A with | Im A| < 1, — Re(A^) = 
— I Re Ap + I ImAp < 1 which shows that is uniformly bounded in this strip. Hence 


lmA| < 1 







U\2\V\2- 


In addition 

|ImA| = l ^ -Re(A2)+4L|A| < 1 + 4L + 4L2. 

Therefore is uniformly bounded on | lmA| = 1. Hence on the boundary of 

the strip | lmA| < 1 the estimates (4.25) and (4.32) imply the bound 


l/(A)| < e 


Y[Wt,h. 


N\ \ \ \ 

C \U\2\V\2- 


(4.33) 


Therefore by the three lines theorem the function / satishes (4.33) for all A with 
I Im A| < 1. Taking the supremum over m, n G shows that (4.21) holds for | Im A| < 1. 
This ends the proof of the lemma. □ 


Lemma 4.8 is somehow unsatisfying. The bound (4.21) involves a constant and 
the norm ||H4||2i/- Both and ||hFfc|| 2 t/ grow too fast as i/ —)■ oo. The next result 
uses combinatorial arguments to rehne Lemma 4.8. 

Lemma 4.10. Let he a destructive sequence with exactly 7 non-vanishing 

terms. Let s = 2{N + 'jN + 1). If > (2iV + 2d){'^ + 1) then locally uniformly on 


Tr 


n 

^£=1 




w^e 


ikimje 


1=1 


If moreover the sequence starts and ends with N + d zeros then locally uni¬ 

formly on Xd 

V V 

£=1 _5 f £=1 


Proof. First note that since u > {2N + 2(i)(7 + 1) by the pigeonhole principle there 
exists a cyclic permutation (in the sense precised above) of {ki} that starts and ends 
with N d zeros. Using the cyclicity of the trace we can assume that the sequence 
{ki} starts and ends with N -\- d zeros. In particular we are reduced to prove (4.34). 
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Since the sequence {kf} is now admissible it admits a good subsequence {fc£}q+i<£<i/'+g. 
Without loss of generality q > d. Write 


n 

£=1 


K 


Wk, 




if 



d 


q 


v'^q 


V 

< 

nAA,e“-/» 


n AV., 






£=1 

.if 

e=d+i 


^=g+l 

SS 

^=t/'+g+l 


For A in compact subsets of Xd the hrst, second and fourth factor are estimated by 
Lemma 2.1. The third factor is controlled by (4.21). It leads to 


U 









v'+q 


n II‘L 


II21/ 


l=q+l 


£=i 


This completes the proof of the lemma. 


□ 


With this rehnement we are now ready for the proof of Lemma 4.6. 


Proof of Lemma f.6. We divide the proof in 5 main steps. 

1. Let a G [1,N] and ni,...,na G [1,2A^ — 1]. The function 2 ; i—)■ (1 + 4/(z))“^ 
is meromorphic with a simple pole at ^ = —1. Write a Taylor expansion of 2 ; ha 
(1 + at ^ = 0 : 

(Id + T(; 2 ))-i = Pm{z) + z^^+^^pm{z). 


Here Pn is a polynomial of degree 2N + 2d — 1 and pat is a holomorphic function on 
C \ {—1}. The pole at —1 is of multiplicity one. Away from resonances of ITo, 

(Id + = Pn{Kw„) + 

The operator Bwq = Det(Id + \['(iFvLo))PAr(A'iyo), well dehned on C\Res(iFvVo)) extends 
to an entire family of operators by Appendix 5.1. Let us write = Cq + Ci where 

Co = Det(Id + T(iF^J) ■ Pn{Kw,), Ci = ■ Bw, • (4-35) 


Fix mi, ...,ma > p and for each 1 < j < a a sequence {kj} G with k\ + ... + k'f^^ 7 ^ 
0. We dehne 7 = ui + ... + Ua and u = mi + ... + ma. Using ^ = Co + Ci we get 


Tr 




',k\»le 1 _ 


^j=l 


l=\ 



11711 * 

i=i 


i=\ 


"■p‘' 


'A 


In the following steps we study separately the terms of the RHS sum, depeding on the 
value of ei, ...,£„ G {0,1}“. 

2 . Assume that ei = ... = ea = 0. Then 


a ruj 


a ruj 


If 7 If = ^' n If 


/£ 


7=1 ^=1 


\j=i e=i 
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The sequence {kj} is destructive, u > pa > 2{N + d) ■ 2Na and 2Na >7 + 1. This 
implies u > 2{N + (i )(7 +1). Hence for s = 2{N + 2N^ +1) we have s > 2{N + 'jN +1). 
The assumptions of Lemma 4.10 are satished thus 


Tr 


Hall A' 

+=i 






£=1 


e=i 


for a constant C depending only on N, d and |lTo|oo- 

3. Assume that exactly one of the ei,G {0,1}“ is equal to 1. Using the cyclicity 
of the trace we can assume without loss of generality that ei = 1. Hence 


IV 

\i=i e=i 


w 

ft,« 




mi 


a rnj 


Tr I ( XlKw,/"'’'’ ) I 

^i =2 1=1 ^ 




Using (4.34) we obtain again 


a ruj 


Tv(nc.,n^T 

j=i e=i 




ik\»le 


< \Bwo\^ 


j=2 t=l 


1=1 




The second factor in the second line is a finite sum of terms studied in Lemma 4.10. 
Consequently we obtain the bound 


j=l £=1 ^ 


< C''e^\B 


Wo\SS 


IfllT' 


ki\\s- 


£=1 


4. Assume that 2 or more terms among ei,...,ea G {0,1}“ are equal to 1. Using 
a circular permutation we can assume without loss of generality that ei = 1. Let us 
prove the following statement: there exists two indexes ji,j 2 G [l,a] such that 

(z) the sequence is destructive; 

(a) ej = 0 for all j in the interval (ji, j 2 )- 

We process by recursion on a. If a = 2 this is obvious: either the sequence {/c}}i<£<mi 
or the sequence {kj}i<i<m 2 is destructive. Now assume that the statement holds true 
for all a' < a — 1. Let us prove it for a. Let jo be the smallest index with = 1 
and jo > 1. Then either the sequence is destructive and we are done, or it 

is constructive. But then the sequence is destructive and so we can apply 

the recursion hypothesis to it. This proves the above claim. 
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Again using a circular permutation we can assume that ji = 1. Hence 

/ a rrij 


< l-^Wol 


T^2(N+d) 


\j=l £=1 

O 2 -I 


HA-nye'*;-/') (n ) AiT'" 

j=2 £=1 ^ 


<£=1 


IB 


Wo\^ 






A 


>.£=1 


\j=j2+2 e=i 


The hrst line is a hnite sum of terms estimated by Lemma 4.10. The second line is 
controlled by the standards bounds of Lemma 2.1. It leads to 


a rrij 




/£ 


Kj=l 1=1 


<C^e^\{\\Was. 


(4.36) 


1=1 


5. Points 2, 3,4 show that (4.36) holds for all sequences ei,..., G {0,1}“. Summing 
this estimate over all possible Ci,..., to get 


a rnj 


\j=l £=1 






< 


C-^e^HWWkMs. 


(4.37) 


e=i 


The last step of the proof is to sum the bound (4.37). Recall that 


mi,...,ma=p {fci}e.5CL ..., Vi=i 




e=i 


where is the set of sequences of length m with n non-vanishing terms. Hence 

a rrij 


.„.)!< 


E 


^l+"- + ^ma^0 

00 


i=i ^=1 


"-.y 


ik\»le 


E 


mi+...+mo 


{fcijeyCl, ^=1 








= {^C\W\zs))\ 




where <h(z) = Ylm=p l^mlz"^- Since <h is entire, ^{ClWlz^) < 00 . Hence Tr(^„j^,..^„^) = 
0{e^) which completes the proof. □ 
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4.4. Constructive interaction. In this paragraph we prove the following lemma: 

Lemma 4.11. For 1 < a < N and ni,...,na G [1,2A^ — 1] let be the trace 

class operator given by (4.20). There exist ipo, holomorphic functions on Xd 

such that 

Tr = V^o(-^) + c:/9i(A) + ... + + 0{e^) 

locally uniformly on Xd- 


The hrst step is an operator valued expansion for e ^^^ 

Lemma 4.12. For every n>0 there exists some operators Aq, ..., y4„_i, with 

= Alo + ... + (4.38) 

such that: 


{i) Aj is a pseudodifferential operator of order j — 2 that maps locally supported 
functions to compactly supported functions. It does not depend on e and 

S+j<N ^ C\\Wk\\N- 

(a) yin is a pseudodifferential operator of order n — 1 and maps locally supported 
functions to compactly supported functions. It depends on e and uniformly in 
e near 0, 

S + n+ l<iV \yin\^(H‘>+^+^ ,H‘‘) ^ C||hFfc|| 7 v 


Proof. For k = 0 there is nothing to prove. Thus we assume k ^ 0. In Appendix 5.2 
we prove that if R{f, A) = (.^^ — A^)“^ then 


R{^+k/e,X) 


>^Pi-2(^, A) ) +£>„_2(^, A)+£”+V-i(^, A)+£ 


A,£) 


{e-k/sY-x^' 


(4.39) 

Here the pj{f,X) are polynomials in f and A of degree at most j in and rn{^,X,e) 
is a polynomial in and A of degree at most n + I in and whose coefficients depend 
smoothly of £. In particular, 


sup 


^n(^,A,g) 

(^)n+l 


0(1) uniformly as £ —)■ 0. 


(4.40) 


Since e = D + kje we have for ImA > 0, 

g-ifc./.^o(A)e*^*/" = ((O + kjef - A^)”^. 
Therefore the expansion (4.39) implies that for ImA > 0, 





+ {Pn-2{.D) + epn-i{D) + RQ{X)rn{D, e)). 
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This identity extends analytically to and yields 

= Ao + ... + + e'lHn, 

Ao = = 0, Aj = j^ppj_ 2 {D)Wk for j e [2, n - 1], 

5^n = p{pn- 2 {D) + epn-i{D) + Ro{\)rn{D, e)) Wk. 

The operators Aj are pseudodifferential of order j — 2 and map locally supported 
functions to compactly supported functions. For ImA > 0 the operator is 

pseudodifferential; the operator Kw^i^) — is smoothing. Hence is 

pseudodifferential for all A G Xd- As 

- Aq - ... - 

and the RHS is pseudodifferential must also be pseudodifferential. To evaluate its 
order we note that Pn- 2 {D) (resp. pn-i{D)) is a differential operator of order n — 4 
(resp. n — 3) and that rn{D) is a differential operator of order n + 1. Thus Ro{X)rn{D) 
maps to and must be of order n — 1. To prove the required bounds, we 

note that for s < N, the multiplication operator u ha WkU from if® to itself has norm 
bounded by ||hFfc||Ar- Therefore for s + j < N, 

\Aj\3g(H‘>+i,H‘>) < C\pj-2{D)\^(^H‘‘+3,H‘‘)\^k\3g{H‘>+J,H‘’+3) < C'||hFfc||7V. 

This proves {i). Now we prove {ii). For s + n + 1 < A^ the bound (4.40) implies that 
the operator rn{D,e) (which is a differential operator) satisfies the bound 

\rniD,£)\sg{H s+n+i — f^(l) uniformly as E —y 0. 

Let X G C“(B'^(0,L)) with y = 1 on supp(x). The operator pRo{X)x maps if® to 
itself. Consequently uniformly as £ —)■ 0 

\pRo{X)rn{D,E)Wk\3g{H‘>+^+^,H‘) < IpRoWxlsgiH-’,H‘>)\rn{D, E)Wk\sg(H‘+-^+^,H‘^) =0(||hFfc||v) 

The operators pPn- 2 {D)Wk and ppn-i{D)Wk do not depend on £ and are bounded 
from to if®. This shows {ii) and completes the proof of the lemma. □ 

Now we prove the same kind of expansion for product of operators of the form (4.38). 

Lemma 4.13. Let be a sequence of d-tuples in I/. There exists some oper¬ 

ators s/q, £/n-i,^n with 

^-ia,./e = 44 + ... + E^-^^An-1 + 

where ai = ki + ... + ky and 

{i) sAj is a pseudodifferential operator of order j — 2 and maps locally supported 
functions to compactly supported functions. It does not depend on e and 

V 

S + j < N < 

e=i 
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{ii) is a pseudodifferential operator of order — 1 mapping locally supported 
functions to compactly supported functions. It depends on e and uniformly in 
e near 0, 

V 

1=1 


Proof. We prove this lemma by recursion. For z/ = 1 it is the result of Lemma 4.12. 
Now assume that Lemma 4.13 holds true for all sequences {kj} of length less or equal 
to z/ — 1. Let {kj} be a sequence of length u. Define a 2 = k 2 + ... + k^ so that 


i=\ 

Using the recursion hypothesis we have 


""II 


ikimis 


£=2 


—10-2 


•/n^i 


Wi^e 


ikcje 


e=2 


-N I !e 


Wk^ 


= M) + ... + £^n-i + £ 

We expand below at order N — j as given by Lemma 4.12: 

= /lo + eAi + ... + e^-^-^Ajv-j-i + (4.41) 

It leads to 


gi i/,- = s^Ao.i^j + ... + 


j^-l-jS^j 


+ e^^N- 




The operator Aj/S^^j has order j' — 2 + j — 2 = j' + j — 4 < j' + j — 2 and in the above 
expression it is weighted with a term Moreover if s + j' + j < N then 

V 

£=1 

The remainder has order — j — 1+j — 2 = A^ — 3<A^ — 1 and satisfies 

V 

O'- 'IIIIWVII N- 


i=l 


The term e is of order N — ?> < N — 1 and satisfies 




IN 


< 








''N\sS{H’>+^+^,H‘‘) 




ke\\N- 


e=i 


This prove that the lemma holds for all sequences of length u. This completes the 
recursion and ends the proof. □ 


gio-l»/£ 
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The expansion of Lemma 4.13 implies a trace expansion as follows: 


Lemma 4.14. Let be a constructive sequence with 7 non-vanishing terms. 

Assume that v > iV (7 + 1). Then there exists Oq, Oi, otv-i holomorphic functions on 
Xd such that locally uniformly on X^, |aj(A)| < 11^=1 l|W4j|Af and 


Tr 


n 




ikimje 


fto(A) — -f-... — i(A) 


<e^C''\{\\Wu,\\N. 

e.=i 


Proof. Since i> > A^( 7 +l), there exists a snbseqnence of made of N vanishing 

d-tnples. Using the cyclicity of the trace we can assnme that ky-N+i = ... = k^ = t). 
The seqnence ki,...,ki^_N is constrnctive. Therefore we can apply Lemma 4.13 to 
obtain the expansion 


v-N 

n = < + ...+ + e^^N. 

e=i 

Here s^j is psendodifferential of order j — 2 and does not depend on e and is 
psendodifferential of order N — 1 and satishes the bonnd 

V 

\^N\gg(H^+^,L'^) < niunjL. 

£=i 

Both these operators map locally snpported fnnctions to compactly snpported func¬ 
tions. As ky-N+i = ... = fci, = 0 we obtain 

V 

n + ... + (4.42) 

£=1 

We recall that N > d. The operators have order j —2 —2A^ < —2 — N < —2 — d 

therefore they are trace class. The operator has order —N — 1 < —d hence it 

is also trace class. It satishes the bonnd 

U 

e=i 


By [DyZwlS, Eqnation (B.3.9)] this implies < \^NKwo\ 3 g{m-^, l^) < 

YEi=i II^AiJIa. Taking the trace of both sides of (4.42) yields 


Tr 


n 




Wk, 


^ikfle 


Tr K<o) 


... - 


^e^C'llWWkMN. 

e=i 


This gives the reqnired expansion. We now need to prove the estimate on the coef- 
hcients qq, ..., 0^-1 appearing in the expansion. By [DyZwl5, Eqnation (B.3.9)] and 
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the estimate (i) of Lemma 4.13, 

£=1 

This completes the proof. □ 

Fix a G [1, A^] and ni, ...,na G [l,2iV — 1], The operator ‘^ni,...,na dehned by (4.20) 
is a linear combination of operators of the form 

a rrij 

Llki] = n n (4,43) 

j=l i=l ^ 

where 

(i) For every j G [1, a], rrij > p. 

{a) The sequence is constructive. 

{Hi) For every j G [l,a], the sequence {fc£}i<£<mj has rij non-vanishing terms. 

In order to prove Lemma 4.11 we prove an expansion for operators of the form (4.43) 
where {k^} satishes {i), {ii) and {Hi). We £x s = 2{N -|- 2N^ -|- 1). 

Lemma 4.15. Let L[k^^] be an operator of the form (4.43) where {k\} satisfies {i), {ii) 
and {Hi) above. Then there exist bo[kf\,..., b]\f_i[kl] holomorphic functions on such 
that locally uniformly on we have < C''Y\x=i 

a rrij 

|Tr(L[4i]) -6„|4)] + ...-6A._i[4i]£'"-‘| <£~C''nilPrKll,. (4.44) 

1 = 1 i=l 


Proof of Lemma 4-11. Fix a G [l,iV], ni,...,na G [l,2iV —1] and k^ satisfying {i),{ii) 
and {Hi) above. Let 7 = ni Ua be the number of non-vanishing terms of {k^^}. 

We divide the proof below in 5 main steps. 

1. Write SLx = Cq + Ci where Co, Ci were given in (4.35). Then 


T\ (L[A^|)=1V 


w ,e 


ikj»le 


\j=l 


e=i 




eiveae{0,l}“ 


W =1 


£=1 


W X 

uJ 


ip*/ 



We recall that since {kj} has 7 < {2N — l)a non-vanishing terms and length u > pa 
we have u > iV (7 -|- 1). Fix a sequence Cj G {0,1}“. In order to prove the lemma it 
suffices to prove that the term 


IV 


w=i 




ipl*/s 


1=1 


(4.45) 


admits an expansion in powers of e at order N. 
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2. Assume that ei = ... = = 0. Recall that Cq is a polynomial in Ky/^. In this case 

(4.45) is a hnite sum of terms studied in Lemma 4.14. These all admit an expansion 
in powers of £ and thus so does (4.45). 

3. Assume that has at least one non-zero term. Without loss of generality ei = 1. 

The indexes such that = 1 split the sequence (fc|,...,/c^^,..., into 

r -|- 1 subsequences 

(h.-.cj- (4.46) 

Assume that each of the subsequences in (4.46) is constructive. Then since Ci = 
we can write (4.45) as the trace of a product of operators of the form 


it+i-l rn-i 




N+d 
ILo • 


By Lemma 4.13 the operator 


3=3t t=l 


it+l-1 rrij 


n c.,nAv,e'-i-z'A', 


N+d 

lEo 


j=it i=i 


(4.47) 


admits an operator-valued expansion in powers of e. Thus so does the operator (4.47). 
Multiplying these expansions over t = l,...,r leads to an operator-valued expansion 
for the operator 


ifc'-.n* 


w 


ikl»/e 


i=i 


i=i 


in the spirit of Lemma 4.13. Taking the trace and adapting the proof of Lemma 4.14 
shows that (4.45) admits an expansion in powers of £. 

4. Assume that at least one of the sequences in (4.46) is destructive. Without loss 
of generality {k \^..., is destructive. Since Ci = the operator 




\j=i e=i ‘ 


(4.48) 


appears as one of the factors in the product 


HC^.HKv 




i=i ^=1 


In addition since Cq is a polynomial in Kwo h is associated with a destructive sequence, 
that starts and ends with A^ -|- d zeros. Consequently Lemma 4.10 applies and yields 


31 


AvlT (nc« If W)<T 

j=l £=l ^ 


31 Brij 

<c‘'+-vnnpn;iu 


if 


j=i i=i 
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This yields the estimate: 


rrij \ 

y 



Ilw 


rzN+d 

^Wo 

i=\ ^ J 

mji+l 




Kp 



£=1 


SS 

a 

mj 



<c‘'+'vnniii 4 ii- 




n ^3 

nc„n^ 

^i=i £=i 
a ruj 


ki 


if 


J] a,l[K 




j=jl+2 l=l 


j=i e=i 


This shows that such sequences ei, ...,ea induce negligible contributions. 

5. Points 2,3,4 include all the possible values of ei,...,ea. The expansion (4.44) 
follows now from a summation over ei, ...,ea G {0,1}“ of the expansions obtained in 
Points 2,3. This ends the proof. □ 


We are now ready to prove Lemma 4.11. 


Proof of Lemma f.ll. Let us recall that for a G [l,N] and ni,...na G [l,2iV — 1] the 
operator is defined by 




ni, 


E 


a 


mi 


.. CXr, 


E 






fcJ + -" + ^ma=0 


Here L[kj] is given by (4.43), is the set of sequences of length m with n non¬ 
vanishing terms and am = 4/(™'i(0)/m!. The proof consist in showing that the sum of 
the expansions of Pi{L[kl]) provided by Lemma 4.15 is convergent. By Lemma 4.15, 


OO 

\ami---amj \Tt [L[kj])-bo[kl] +...-bN-i[kj]e^~^ 

mi,...,ma=p {fcileJSCb ..., 

OO a 

mi,...,ma=p ..., 1 = 1 ^=1 

kl+...+k^^=0 

OO 

<e^ = e^mC\W\zs)r, 
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where $(z) = Ylm=p follows that TT{^rii,...,na) an expansion given by 


TriK, . nJ=0(E^)+ Y. 




bo[kl] + ... + bN_i[kj]e 


N-l 


mi,...,ma=p 


kl + ...+k^^=0 


— 9^0 + ...+^ ^N-1 + 0 {e ), 


where 


= 




mi,...,ma=p 


Y1 

k\+...+k^^=0 


This ends the proof. 
Since 




□ 


^xFnj — + 

i=i 

the combination of Lemma 4.5, Lemma 4.6 and Lemma 4.11 proves Lemma 4.3. This 
in tnrn shows that Dy{\) admits an expansion in powers of e. In the next section we 
conclnde the proof of Theorem 5 by compnting explicitly the hrst few coefficients in 
the expansion. 


4.5. Computation of coefficients in the expansion. Here we nse the hrst steps 
in the proof of Theorem 5 to compnte a few coefficients in the expansion of Dy- 
These coefficients are holomorphic fnnctions of A. Hence it snffices to compnte them 
for ImA S> 1 and extends the obtained expression to C by the nniqne continnation 
principle. Fix iV > 4 and p = 4N{d + N). If Im A is large enongh then \Ky\^ < 1. In 
this case the series 


ln(l + T(iFy)) = 


m=p 


-KyT 


m 


converges in This implies that for Im A S> 1 


Dy{X)) =exp ( 


Jr(iF; 


IP) 


m=p 


m 


(4.49) 


We now explain how to obtain an expansion of Tr(iFy) for ImA 3> 1. Split Tr(iFy 
in constrnctive and destrnctive parts: 


Tr(AT) = Y Tr n I + 


E Tr n*' 


VLfe e 




All i-'-ikm 5 
fc 1 + ... + fc 77J, = 0 


k £=1 


Aii+w.+AimT^O 


y£=l 
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By Lemma 4.10 destructive sequences induce negligible contributions: 


TriK^) 


ki-\- ...-\-k'}ri—0 


(4.50) 


We next reproduce the proofs of Lemma 4.13 and 4.14. Fix fci, with ki + ...+km = 
0 and define aj = kj + ... + k^. 


= Y[pR{D + aile)W,„ 

i=i i=i 

where A) = The expansion of + cr/e, A) given in Appendix 5.2 

induces 

R{D + (J/e) = e^- ^ h 

Thus if two or more of the aj are non-zero then 


Tr 


IfA 

0=1 


w,e 


ikj9le 


0{e% 


On the other hand the only constructive sequences with at most one non-vanishing 
aj are the cyclic permutations of {0, ...,0, —k,k). For every k Q there are m such 
sequences. It yields 


Tr(A-) = Tr(A-J + m Tr {K^;^Kw_,R{D + k/e)Wu) + 




Tr(A'” ) +m^ ^Tr - 2™^; ^Tr (K^r^K^Uk ■ D)W,) + 0(e*). 


kj^O 


k^O 


\k\^ 


Note moreover that as operators, 


^ Wk{k ■ D)W.k _ ^ W.k{{k ■ D)Wk) 

2^ 2^ 


k^O 


fc^O 


\k\^- 


Thus the LHS is actually a multiplication operator and thus can be seen as a potential. 
This leads to 

Tr(A-) = Tr(A:-J + me^Ti + me^Tr + 0(£"), 


a,^-25: 


W.ki{k-D)Wk) 




fc^O 
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Coming back to (4.49), 

\ m 

\ m=p 

( °° Tr () °° 

- Et-O” ~ ^ (^m.A>A.+.*A.) + OL*) 

m=p m=p—2 

= Dw,{X) (1 - Tr ((Id + Kw,)-\-Kw,y-^K, 2 ^o+e^^,)) + 0(8^. 

This gives the value of 00 , 01 , 02 , 03 . It is in practice possible to use this method to 
compute all the other coefficients 04 ,..., o^v-i given by Theorem 5. 


4.6. The case Aq = 0 in dimension one. In this part we prove Lemma 3.1. Thus 
we assume d = 1. For A 7 ^ 0 the operator Ky is trace class. This allows us to define 
dr (A) = Det(Id + iFr)- By [DyZwlS, Theorem 2 . 6 ] the function A h->• Adr(A) is entire. 
It is related to the modihed Fredholm determinant Dy by the identity 


A exp 


m / 

m=l / 


(4.51) 


If (p is a meromorphic function with a pole at 0 we write tf = and we 

define sing((p) the meromorphic function sing(<p)( 2 ;) = '^rn<o ■ We recall that A 
is the potential given by 


A 


5 ^Ao + s^Ai 



WkW.k 



wypw.k) 


(4.52) 


Lemma 4.16. Let d = 1 and N > A. For every m > 2 there exists a holomorphic 
function fm : C \ {0} —)■ C with the following: 

(i) sing(t^) = sing(Tr(iF{?)). 

(a) Locally uniformly on C \ {0}, 

tUX) = TriKlffy + mTT{Kff;^KA) + ... + 0{e^). 


Proof of Lemma 3.1 assuming Lemma 4 .I 6 . Let p = 4A^(A^ + 1) and set 

p-i 


hy{X) = A exp - ^(-1)’ 


yux) 


m=l 


m 


Dv{X) 


where Dy{X) is the determinant defined in (1.7). Equation (4.51) implies that 


'p-i 


\dv(\) = ftp(A)exp E(~l)’ 


,i„(A) - Tr(AT) 


< 771=1 


m 


The function 


p-i 




p„(A) - Tr(A-f?) 


m=l 


m 
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is entire thanks to point (i) of Lemma 4.16. Consequently resonances of V (counted 
with multiplicity) are exactly zeros of hy (counted with multiplicity). 

We next show that the function hy has an expansion in powers of £ on all of C. For 
that we use Lemma 4.4 with S'o = {0}, E = C, 

f{X,e) = Aexp (- $^(- 1 )™^^^^ , ^(A,^) = Dy{X). 

\ m=l / 

Both /, g are meromorphic on C and their only pole is at 0. They both admit an 
expansion away from {0} by Lemma 4.16 for / and by Theorem 5 for g. Their product 
hy = fg is entire. Consequently hy admits an expansion of the form 

hy{X) = ho(A) + Ehi{X) + ... + ^hj^-i{X) + O(e^) 


that holds locally uniformly for A in C. We next compute the hrst few terms in this 
expansion. Because of {ii) in Lemma 4.16 and of Theorem 5 we have 

hv(\) = Aexp ( - Dy(X) 

\ m=l J 


p-3 


Ad„i(A) exp - ^(-l)”Tr(A-” AA) (1 - Tr((Id + AVJ-T-pTAa)) + 0(e‘ 


m=0 


= Xdw,{^) (1 - Tr((Id + Kw,)-^K^)) + 0{e^). 


This ends the proof of Lemma 3.1. 


□ 


We next prove Lemma 4.16. We start with a preliminary lemma: 

Lemma 4.17. Let k & 'L \ {0} and (p : M —)■ C &e a smooth compactly supported 
function. Let p^ be the polynomial defined by 

Pn{X) = -2 (1 + 2X + 3X2 ^ ___ + (AT + 1)X'^) . 

Then for every N >2, 

f y:>{x)e^’^^^‘^\x\dx — (p^_fiED/k)ip) (0) 

Jr 

where the constant C depends only on the support of ip. 

Proof. By rescaling e to E/k we see that it suffices to prove the lemma in the case 
k = 1. Dehne 

I[(p\ = f e'^^^‘^ip{x)\x\dx, J[ip] = - [ e'^^^^(p{x)sgn.{x)dx. 

Jr i Jr 

By an integration by parts 


< Civ(l) "iMU+i. (4.53) 


J[lp\ = £(2(p(0) - J[Dp>]). 
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Consequently: 

I[ip\ = (-2v?(0) + 2J[D^] + /[/^V]) • (4.54) 

We prove by recursion: for every n > 0 

m = e\p„(-eD)^m + £"+V|(-D)"+y] - + 2) J[(-D)“+Vl (4.55) 

where Pn = “2(1 + 2X + 3X^ + ... + {n + 1)X"'). For n = 2 this holds by equation 

(4.54) . Now assume (4.55) holds for some n. Then 

I[p] =e^M-eD)p]iO) + £"+3 (_ ^ /[(-Zl)-+V]) 

- + 2) (2[(-D)"+V](0) + J[(-/l)"+V]) 

=e^[pn+i{-eD)p]{0) + e-+^I[{-Dr+^p] - e-+^{n + 3) J[(-Z1)"+V] 

where Pn+i = Pn — 2.{n + 2)x"'^^. This ends the recursion. Equation (4.53) follows from 

(4.55) and the estimate \I[D^ip]\ < C£||</9||Ar+i, I < C£||^|U+i, □ 


Proof of Lemma f.ld. In dimension one the kernel of the free resolvent Rq{\) is given 
by Ro{X,x,y) = ie®^l'^“^l/(2A). We decompose it as follows: 


^o(A,a;,?/) = ^ ^ -y)\x -y\, 

^ X i /X, ,x P /X X sin(Ab — -ul) 

fo{\,x-y) = -cos{\\x-y\), fi{X,x-y) = -—-—. 

2 2X\x-y\ 

The functions /o and /i are both smooth on C x M. This induces a decomposition of 
Ky{X) given by 


Ky{X) — E-ffl[X) + E-;r,i(A), 

Er,eiX,x,y) = p(x) '^°^^’^ —^'^(l/), Ei{X,x,y) = p{x)fi{X,x - y)\x - y\y{y). 

Thus Ky{X) is the sum of a smoothing operator E-t^q^X) with a pole at A = 0 and of 
an operator E^^i(A) which is not smoothing but has no pole. We now dehne 




r'IV(A'i?) - 'IV(Bi;>,) + 'IV(B;?, J if rn > 3 

\Tr(Aa.) + Tr(S^, i) “ »(£?-,.) « ™ = 2 


where A is the potential given by (4.52). Since —Tr)^™^) +mTr(£’j))^ i^A.i) 

andTY(Ba,„,)-lV(i5q) are both entire function of A we have sing(fm) = sing(Tr(iCy)). 
It remains to show that the function tm satishes the expansion given by {ii). Write 

( m 

n^b., 

( m 

t=i 

ei.....em=0 
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We first claim that for every N and locally uniformly on C \ {0} 




ei-...-em =0 


J = 1 


N w\j/- \\m, 

ZN- 


(4.57) 


Fix a sequence ei, ..., e^, G {0,1}'" with ei ■ ... ■ = 0 and ki, G Z with ki + ... + 

km 7 ^ 0. There exists jo with = 0. Using the cyclicity of the trace we can assume 
without loss of generality that jo = 1. Let n = m — ei — ... — Cm- Using the explicit 
expression of the kernel of the operators we have 

= [ 

JR' 

where by convention xq = Xm- The substitution Xj = yi + ... + yj, j G [l,m] and the 
explicit expression of the kernels of and Ey^i yield 





t/e 




0=1 


= A-" [ E^^y^/^I{y^)dy, 

Jr 

where aj = kj + ... + km, z = y 2 + ... + ym-i and 

« m 

I{yi) = Wk,{yi) / fo{z + ym) JJ fe,{yj)\yj\"^Wk^{yi + ... + yj)E'"iy^/^dyj. 

The function yi ha /(i/i) is smooth and compactly supported. Since cxi 7 ^ 0 integra¬ 
tions by parts give the estimate 


Tr 


0=1 






'E 


N 

<Ce^mN<Ce^l[\\Wk^\\N. 

j=i 

Therefore 






/ m \ 


N 

E 

E Tr 


<Ce« Y. 


fel + ... + fem7^0 

o' 

1 

Vi=i / 

k\ ,...,km 

i=i 


€l-...-em=0 


This proves (4.57). 

We next show that the function 

( m 

3 —1 
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admits an expansion in powers of e. It suffices to prove that for any fixed sequence 
{cj} with ei = 0 the function 


E 








0=1 


(4.58) 


admits an expansion in powers of e. Fix fci ,km with ki + ... + = 0. We dehne 

Fm-i and Fg^s G [l,m — 1] recursively as follows: 

\Fm—l{yii ■■■1 r/m—l) = /jj /o(^ ffi ym)ferniyrn)^krniyi + ••• + ym)^ -myrnl ^dljm 

1 Fg_i{yim..,ys-i) = !^fes{ys)WkXyi + ■■■ + ys)Fs{yim-,ys)F'"^^^^^\ys\"^dyg 

where z = y 2 + ■■■ + ym-i- Let Fq{X) be given by 


Wk^{yi)Fi{yi)dyi 


Fo(A) = TrmE- 


ILfc, 


^i=i 


We prove recursively that Fm-i, Fm- 2 , •••, -Fi, Fq admit an expansion in powers of e. The 
fact that Fm-i admits an expansion in powers of £ is a consequence of Lemma 4.17. 
The coefficients are smooth functions of yi, .■■,ym-i- The recursive formula dehning 
Fm -2 shows that Fm ,-2 also admits an expansion in powers of e whose coefficients are 
smooth functions of i/i, •••, 2 /m- 2 - The same recursive scheme shows that Fm- 3 , ■■■, Fq 
admit an expansion in powers of £. The sum over /ci,..., with ki + ■■■ + km = 0 
of the coefficients converge (we skip the details) and we conclude that (4.58) admits 
an expansion in powers of £. Finally we sum over all sequences {ej} with at least one 
vanishing term and we use (4.57) to deduce that 

tm{X) =Tr(F-) + Tr(F™ - Tr(F™J + 5^^2mTr(F™-2FA,i) 





n Ev,, + + Tv{E^,^_,) 


i=i 


admits an expansion in powers of e. 

To end the proof we must compute the hrst terms terms in the expansion of the 
function tm- We £x iV = 4 and work modulo 0{e‘^). The only sequence {kj} that can 
generate non-negligible terms is (0,..., 0, —fc,/c) up to cyclic permutation - see §4.5. 
We fix {ej} and we estimate 

( /m-2 

Assume that m > 3 and dehne G by 



F, 


W_fc,e^_ie 


^—ik' 






Jik^je 
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where we recall that z = 1/2 + ••• + Vm-i- We first deal with the case = 1- This 
implies /e^(0) = /i(0) = —1/2. Apply Lemma 4.17 to obtain the asymptotic 


G(A, yi,..., ym-i) = ^ (^1) /o(^)W_fc(i/i + z)Wk{yi + z) 

-2 (I)' /o(; 2 )W_fc(i/i + z){DWk){yi + ^) - 2 (I)' {Dfo){z)W_k{yi + z)Wu{y^ + z) + 0{e^). 






Since ^-kWk/k^ = 0 we can remove the last term that appears in the expansion 
of G and write G{\,yi, ...,ym-i) = fo{z)A{yi + z) + 0{e^). This expansion combined 
with the inverse substitution y ^ x variables yields 


^ m—2 


^Tr n + 0(£-) 




^i=i 


X] A fQ{z)Wo{yi) \ \\ 4 (%)|%r^Wo(|/i + ... + yj)dyA fe^_^{yra-i)A{z)dyidyra-i 


» / m—2 

L . n 

fc^o \i=i 


fejiVj -yj-l)\Xj - Xj_i\^^Wo{Xj)dXj I fe^_^{Xm-l - Xm-2)A{Xm-l)dXidXm-l 

= Tv 


This gives an estimate of G in the case Cm = 1- hi the case e™, = 0 the kernel of Ew^,o 
is smooth and we can integrate by parts by parts to obtain G{\, yi,ym-i) = 0(^^)- 
Summing these estimates of G over all possible values of ei,..., €^- 1 , and using the 
cyclicity of the trace yield 


i=i 


Ye. 


5 • ■ ■ £{0)1} 

ei-...- 6771=0 


Tr(n-^iEo,e 

i=i 


ei,.”iemS{ 0 ,l} 

ei-...-em=0 


= m 


^m-2 

1 n 


-Ew_fc,e„_ie 




ei,...,e^e{0,l}™^ k^O 
ep-...• 6771=0 


V j = l 


^ m—2 


= m 


E Tr ( I n ) + 0(e< 


61 •...•6777=0, 6771 = 1 
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Recall that tm(A) is given by (4.56) to conclude that 


u\)= TV n^''« 


ei’...•€ 771=0 


W =1 


ei,...,e77T,G{0,l}^ 

- 6771=0 


Vj=l 


' m—2 


=Tr{K, 


Wo) 


m 


E Tr n + 0(6^) 


eiv-.CmSlO,!}™ 

€1-...•€777=0, €777 = 1 




+ mTr (A'™;'^A-a) + 0{e^). 

We finally deal with the case m = 2. If ei, 62 G {0,1} then 


If ei + 62 is even then one can integrate by parts many times in 7/2 and obtain 0{e^). 
Otherwise 61 + 62 = 1 and feje 2 = /o/i- In particular /o/i(0) = l/(4i) and (/o/i)'(0) = 

0. This yields 

ei,e2, eie2=0 k^O 

= 2A"^^ / W-kiVl) [ /o(l/ 2 )/l(l/ 2 )I^fc(l/l + 1 / 2 ) 11/2 |e*^^"/^d7/2d7/l 

ky^O 

= ^ (d) Aufei) - 2 (I)" DWt(yy)^ dm + 0(e*) = 21V(A'») + 0(£‘‘). 

Together with (4.57) this gives t 2 {X) = Tr(i7^^) + 2Tr(R'A) + 0{e^). This completes 
the proof of the lemma. □ 


5. Appendices 

5.1. Analytic continuation of some Fredholm operators. Let T(A) be a holo- 
morphic family of trace-class operators on a Hilbert space. In finite dimension, the 
operator det(Id + T(A))(Id + T(A))“^, defined away from the poles of (Id + T(A))“^, 
extends to an entire family of operators known as the comatrix of Id + T(A). In infinite 
dimension a similar statement holds: 

Lemma 5.1. Consider a Hilbert space, % an open connected subset o/C and T(A) 
a holomorphic family of trace class operators for A G Assume that Id + T(Ao) is 
invertible for some Aq G Then the family of operators 

^(A) = Det(Id + T(A))(Id + T(A))-^ 
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initially defined for X away from the poles of (Id + T(A)) ^ extends to a holomorphic 
family of operators on ^. Moreover, 


|5"(A)|a,jr) < Det (id + (r(A)T(A))'''") < 


(5.1) 


Proof. The proof uses the Gohberg-Sigal theory of residues - see [DyZwlS, Appendix 
C.4]. By analytic Fredholm theory, (Id + T(A))“^ dehnes a meromorphic family of 
operators with poles of hnite rank. Fix /i G ^ a pole of (Id + T(A))“^ and A in a 
punctured neighborhood of /r. We can write 

Id + T(A) = f/i(A) ( Po + 5^(A - /i)"™pj P2(A) 


m=l 


where Pi(A),P 2 (A) are holomorphic families of invertible operators, Km > 1, Pm has 
rank 1 for m > 0, PmPm' = dmm'Pmi rank(Id — Pq) < oo. Therefore 

(Id + T(A))-i = P2 (A)-' ( Po + 5^(A - /i)-"-pJ UfiX)-\ 


m=l 


The holomorphic function A ha Det(Id+T(A)) has a zero at /x, of multiplicity J2m=i 
- see [DyZwlS, equation (G.4.7)]. It follows that the operator XP{X) can indeed be 
analytically continued at A = /x with 


= J Det(Id + T(A)) 

[ (A-h)^^ 


0 




-1 


if AT > 1 

UN = 1. 


X=fL 


The hrst bound in (5.1) follows from [DyZwlS], (B.4.7). For the second one, note hrst 
that 

Det (^Id+ (T(A)*T(A))^/^) < exp {T{X)*T{X)f^^ 




Finally we note that 

sy ((nxynxyp) < s, mxrp s, mx)Y'^ < s, ( t ( a )) , 


(r(A)T(A))H^| < ((r(A)T(A)) 

3=0 

This concludes the proof. 


1/2 


<2^s,(r(A))<2|r(A)| 

3=0 


if- 


□ 


5.2. Expansion of R{X,f + k/e). We study here the Taylor development of rational 
functions of the form F{e) = (1 + ae + be‘^)~^. Such functions are analytic for small 
values of £ and therefore there exists xx^ G C with F{e) = Since P(£)(l + 

ae + be^) = 1, the must satisfy the recursion relation 








58 


ALEXIS DROUOT 


For e small enough the Taylor development of F takes the form 

J—1 OO 

F{e) = UjE^ + rj{e), rj{e) = Y ■ 

j=0 j=J 

We have moreover 

OO 

(1 + a£ + be^)rj{e) = (1 + ae + be^) ^ UjS^ 

j=J 

OO 

= ujE"^ + + Y^ + owj-i + buj-2)E^ 

j=J+2 

= UjE"^ + + aUjE"^^^. 


Consequently for small values of e, 

'j-i 


F{e) = 


Yf^' I + 
0=0 


Uj + Uj^iE + ClUjE j 

1 + ae + bE‘^ 


and this identity extends meromorphically to all of C. If a and b are polynomial of 
respective degree 1 and 2 in a parameter ^ then by an immediate recursion Uj is a 
polynomial of degree at most j in In particular, (4.39) holds: 

+ k/E) = 1 ^ . ^/|^|2 + ^2(^2 _ A2)/|fc|2 


W 

'J-1 

E 


'j-i 


YujE^ + 


Uj + Ujj^\E + OjUjE 


0=0 




2Ek ■ i/\k\^ + — F)/\k\^ 


^ \k\^ 

j=2 I I 


Uj + Uj+iE + aUjE 

I 7 I O ^ ~r I 7 I O ^ ~r ■, / \ n ^ n ^ 


\k[^ 


lfcl^ 


The hrst terms in this expansion are given by 


R{^ + k/E) = 


\k/ 


-2e' 


kF 

\k/ 


— E 


\k\^ 


+ 4T 


(e-fc/£)2-A2 

{k-0^ 




+ OiE^). 
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